CHAPTER 8
Equations of Lines and Planes

Review of Prerequisite Skms, i
pp. 424-425 :

lLa (3.-2.1) = (1.7.-5)

= (3-1.-2-7.1-(=5)
= (2. -9.6)

b.5(2.—3. —4) + 3(1.1. = 7)
= (5 X 2.5 X (=3),5 X (—4)

+ (3X 1,3X1,3xX(-7)
(10, =15, -20) + (3.3, —21)
= (13.-12.-41)
2. a. The points A, B. and C are collinear if and
only if the vectors AB and AC are collinear.

i

AB = (4,2) - (1.-3)
= (3.5)
AC = (=8 —18) — (1.-3)
= (-9 -15)
= =3(3.5)
SoAC = -—’%Té and so AB and AC are collinear.

b. The points J, K, and L are collinear if and only
if the vectors JK and JL are collinear.

JK = (4,5) - (—4,3)

= (8,2)
JL = (0.4) = (—4.3)
= (4.1)
1
= —(8,2
N
SoJK = 4 JL, and so JK and JL are collinear.

¢. The points A, B, and C are collinear if and only
if the vectors AB and AC are collinear.
AB = (4,7,0) — (1,2.1)

= (3,5, -1)
AC = (7,12,-1) — (1,2, 1)

= (6,10, —2)

=2(3,5,-1)

So AC = 2AB, and so AB and AC are collinear.
d. The points R, S, and T are collinear if and only
1f the vectors RS and RT are collinear.

RS = 4,1,3) - (1,2, -3)

= (3,—1,6)
RT = (2,4,0) — (1,2, —3)
=(1,2,3)
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Since the ratios of the components are not equal,
RS and RT are not collinear. So R, S, and T do not
lie on the same line.

3. ABC is a right triangle if its sides, ’ﬁi !Xa.
and 'Ea satisfy the Pythagorean theorem.

AB = (2.5.3) — (1.6, =2)

= (1. —1.5)
So [AB| = V1P + (-1} + &
=27,
AC = (5.3.2) = (1.6.-2)
= (4, —3,4)
So|AC) = Va4l + (=3) + 4
= \/41.
BC = (5,3,2) — (2.5.3)
= (3, -2.~1)
So [BC| = V3 + (=2)" + (= 1)
= V14,
Since [ABP + |BCI = [AC|. ABC is a right
triangle.

4. The vectors i and V are per pcndlcular if
iw-v =0
wev=(n.-1,3)(2,1,—6)
204+ (=1 + 3(~6)
=r- 18
Soifr= 18 thenw-v = 0.
5.a. A vector, (1,.1,), is perpendicular to @ if

i

@ - (1,.1,) = 0and t, and 1, are not both zero.
a-(t.6)=(1.=3) (1.0)

= 1(y) = 3(1)
Soift; =3ands, = l.thena - (1,.1,) = 0. So

(3. 1) is perpendicular to a.
b. A vector, (1,.1,). is perpendicular to b if
b - (1,.1,) = 0 and 1, and 1, are not both zero.
() = (6, -5) - (1, 1)
=6(1) = 5(1)
Soift, =5andt, = 6, thend -
(5, 6) is perpendicular to b.
c. A vector, (1,. 1, 13). is perpendicular to ¢ if
¢+ (1), 15, 1y) = 0and 1, 15, 13 are not all zero.
Co ity ta) = (=7, -4,0) - (1), 12 1)
=7(1) — 4(1y) + 0(13)

fond B g

(t;.1,) = 0. So

Il
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Soift = —4, 1, =7 and 1; = 0, then
¢ (1.1 13) = 0. So (—4.7.0) is perpendicular
to ¢.
6. The area of a parallelogram formed by two
vectors is determined by the magnitude of the cross
product of the vectors.
(4,10,9) x (3,1, -2)
= ((10)(=2) = (9(1). (DB) ~ (H(2),
(4 (1) = (10)(3))
= (29,35, —26)
A = area of parallelogram
= [{~29,35, ~26)|

= V(=29)? + 357 + (=26)
= V2802
ca.a X b= ((1)(2) = (=4)(=5), (=4)(3)
~ (2)(=2).(2)(=5) = (1)(3)

~3

= (—22, -8, —13)
d-(=22,-8,~13) = (2)(=22) + (1)(~8)
4 (—4)(=13)
= —44 — 8 + 52
=0

b-(-22, -8 —13)

i

B)(—22) + (=5)(~8)
+ (—2)(—13)
—66 + 40 + 26
= {)

S0 (=22, -8, —13) is a vector perpendicular to
both vectors.
boa X b= ((~2)(0) = (0)(=1), (0)(—2)

= (= 1)(0), (=D~ 1) = (=2)(-2))

= (0,0, —3)
a-(0,0.-3) = (~1)(0) + (=2)(0) + (0)(—3)
=)

b (-22,-8, —13)
= (=2)(0) + (=1)(0) + (0)(-3)
= ()
So (0,0, —3) is a vector perpendicular to both
vectors.

Il

8. z
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9.a.0 = (-3,5) — (4,8)
=(=7,-3)
b.7 = (3.8) — (—7, —6)
= (10, 14)
c.p=(3-69) - (1,2:4)
= (2.-8.5)
d.p = (0,5,0) - (4,0, —4)
= (—4,5,4)
10.a.p = (4,8) - (3,5
= (7.3)
b.p=(-7.-6) - (3,8)
= (—10, ~14)
e.F = (1,2,4) — (3. 6.9)
= (~2,8 -5)
d.p=(4,0,-4) - (0,5,0)
= (4.5, ~4)

11. a. The y-intercept occurs when x = (.
y=—2t—-5
-2(0) -5

= -5
So the y-intercept is — 5. The slope is equal to —2.
b.4x — 8y =8
4(0) — 8y = 8

8
-8

= —1]

So the y-intercept is — 1. The slope is equal to § = 3.
e3x —5y+1=10
3(0) =Sy +1=0
So- 5y = ~1
So the y-intercept is =4 = . The slope is equal to %.
d.5x = 5y — 15

y =

5(0) =Sy — 15
So S5y =15
So the y~intercept is 3. The slope is equal to 3 = 1.
a. —d. 3x—5y+1=0
\NE 2

12. Any positive scalar multiple of a vector is a
collinear vector in the same direction. Answers may
vary. For example:

a.2(4,7) = (8,14)

b.3(-5.4,3) = (-15,12,9)
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C.E(Qi + 6j — 4k) =i+ 3 - 2k
d.4(—50 + & + 2k) = ~20i + 32j + 8k
13. To simplify ¥ can be written in algebraic
notation. So v = (4. =2, 1)

a. V= (4)(4) + (=9)(=2) + (=1)(1)
=16+ 18~ 1
=33
b. -V =-14.-21)
= (-4,2,-1)
So =Vl = (=4)(4) + (2)(=9) + (= 1)(~=1)
=16~ 18 + 1
= -33
.U =(4.-9.-1) + (4, -2. 1)
= (8. ~11.0)
H—-vV=(4-9.-1)- (4. -2.1)
= (0. -7.-2)
(i + V) - (i = V) = (8)(0) + (=11)(=7)
+(0)(=2)
=77

d.i XV = (=9)(1) = (=1)(=2).(=1)(4)
= (H)(1). () (=2) ~ (—9)(4)
= (—11. —8.28)
e.V X il is merely the negative of 7 X V.
SoV X W= —-(—-11,-8.28)
= (11.8.—=28)
20 +7vV=204,-9-1)+ (4. -2.1)
= (8,18, -2)+ (4.-2.1)
= (12, =20, 1)
U—=2V=(4,-9.-1) - 2(4, -2, 1)
= (4. -9 -1) - (8. -4.2)
= (—4,-5,-3)
20+ VY X (1 — 2V) = ((—20)(=3) -
(=1)(=4) = (12)(—-3),
(12)(=5) = (=20)(—4))
= (55,40, — 140)
14. The dot product of two vectors yields a real
number, while the cross product of two vectors
gives another vector.

or and Parametric

1. Direction vectors for a line are unique only up to
scalar multiplication. So since each of the given
vectors i just a scalar multiple of (3 6) each is an
acceptable direction vectors for the line.
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(=D (=5).

s of a Line in R2, pp. 433—-—434"

2. a. Simply find x and vy coordinates for three
values of 1. Three possible values aret = — 1.1 = (),
andr=1Atr= -1 y=1+4+3(-1)= ~2and
yv=5=2(-1)=T.Atr=0.x=1+4 3(0) = |
andy = 5 — 2( ‘)_iAtrz} x=1+3(1)=4
and y =5~ 2(1) = 3. So ( 7)., (1, 5), and
(4.3) are IhICL points on th lme.
b. Find the 1 value when the y-coordinate is 15. So
solve 15 =5 = 21 for 1.
=2t =10

(= -5
Ifr=-5thex=1+3(-5)=
P(—14,15) 1s a point on the line.
3. Answers may vary. For example:
a. {3, 4) is a point on the line and (2. 1)15 a
direction vector for the line.
b. (1,3)is a point on the line and (2. —7)is a
direction vector for the line.
¢. {4, 1)1s a point on the line and (0. 2) is a direction
vector for the line.

(0. 6) 15 a point on the line and (
direction vector for the hine.
4. Answers may vary. For example: One possible
line has A(2. 1) as its origin point and AB as its
direction vector, while another has B(—3,5) as its
origin point and BA as its direction vector.
AB = (=3,5) = (2.1) = (—5.4)
So the first case is 7 = (2. 1) + 1(—5,4),1eR.

=(2,1) = (—3.5) = (5. =4)
The second case is ¢ = (—3.5) + s(5.—4).seR.
5. a. Find the r value when the v-coordinate 15 18.
Sosolve 18 = 4 + 2t for 1.
2t =14
r=7

fr=7thex=-2-7=-9.SoR(—9,18)isa
point on the line.
b. Answers may vary. For example: A directional
vector for the line is (=1, 2). Since R(—9, 18) is a
point on the line, a possible vector equation 1s
F=(-918)+1(-1,2),1eR.
¢. Answers may vary. For example: We may take
t = 0 to find another point on the line. So
x=-2-0=-2andy =4+ 2(0) = 4. Hence
(—2,4) is a point on the line. So another vector
equationis ¥ = (—2,4) + 1(—1,2),teR.
6. Answers may vary. For example:
a. Three different s values will yield three
different points on the line. If s = — 1, then

-14. So

=5 0)isa
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s{3.4) = (=3, —-4). lfs = 0, then (3. 4) = (0.0)

and if s = 1. then s(3.4) = (3,4). Hence (—3. ~4).

((1.0). and (3. 4) are three points on the line.

b.7 = ((1.1). e R is a line that passes through the
origin different from the line in part a.

c¢. If 1= —3.then (9.12) + 1(3.4) = (0,0). So
F=(9.12) + ((3.4). re R. is a line that passes
through the origin with a direction vector of (3. 4).
Hence this describes the same line as part a.

7. One can multiply a direction vector by a constant
10 keep the same line. but multiplying the point
yields a different lne.

8. a. v
10
8 R(0, 9)
» Q0,7
peo.)
4
2._
P X
—!—‘[_l O T T T
6 -4 2__24 2 4 6

b. QR is a possible direction vector for this line
and Q(0, 7) is a point on the line.

OR = (0.9) - (0.7) = {(0.2)

So a vector equation for the line is

7= (0.7) + 1(0.2). re R. The corresponding
parametric equation is x = 0,y = 7 + 21, 1e R.
9. a. ¥

b. MN is a possible direction vector for this line
and M(4.5) is a point on the line.
MN = (9,5) = (4.5) = (5,0)
So a vector equation for the line is

= (4,5) + 1(5,0). reR. The corresponding
parametric equationisx = 4 + 51,y = 5, re R.
10. a. A line perpendicular to L would have a
direction vector that is perpendicular to the direction
vector of L. (1. 1,) is perpendicular to (3, 5) if

(3.5) - (t;,t,) = 0 and 1, and 1, are not both zero.
(3.5) - (1. 1) = 3(1)) + 5(1)
8-4

Soif, =35andt; = =3, then (3.5) - (1;,6,) =0
So an equation for a hine with (5, ~ 3) as a direction
vector and P(2, 0y as alineis 7 = (2.0) + 1(5. - 3).
e R.

b. The line intersects the y-axis when the x coordinate
1s zero. The x coordinate is zero, when 2 + 51 = 0, or

1 = —0.4. The y coordinate at this point is 0 + 3¢ or
y = —1.2. So the line intersects the y-axis at the point
(0.-1.2).

11. The line crosses the x-axis. when v = (. so
8+ 5 =0,0rs = —8. So the x coordinate at this

pointisx = —10 — 2(—8&) = 6. The line crosses
the y-axis. when x = (), so —10 — 25 = (), or
s = —5. So the v coordinate at this point is

y =8+ (—5) = 3 So the triangle formed by the
origin, A6, 0), and B(0. 3) 1s a right triangle with a
base of six units and a height of three units. So the
area is 5(3)(6) = 9.

12. First all the relevant vectors are | ‘()und

AB = ((1.2) + 1(~2.3) — ((1.2) + 0(-2.3))
=(~2.3)
T=((1.2) 4+ 2(-2.3) — ((1.2) + 0(=2.3)
(—4.6)
AD = ((1.2) + 3(=2.3) = ((1.2) + 0(—2.3))
= (-6.9)
a. AC = (—4.6) = 2(~2.3) = 2AB
h. AD = (—6.0) — ’2(_’) 2y - 2AR

—— 2 A— T
. AC= (~4,0) = -§(~6, 9) = ZAD
. 3
13. a. Find the 1 values such that x and v coordinates
satisfy x* + y* = 169 or similarly x” + y* — 169 = ()

Ayt =169 = (24 12+ (9 + 1) — 169
=44+ 4r + 17 + 81 + I8
+ 2= 169
=7+ 11 — 42
= {t—3)( + 14)
Sox? +y? =169 = 0, when = 3ors = ~14. Let

A be the point where r = 3. So x coordinate of A

is 2 + 3 = 5. and the v coordinate is 9 + 3 = 12.
Let B be the point where 1 = ~14. So x coordinate
of Bis2 — 14 = —12, and the y coordinate is
9—-14=-5S0Ais (5 12)and Bis (—=12,-5)
b. AB = (—12,-5) — (5.12) = (—17. ~17) and
hence the length of AB = |X1§’

=V(~17) + (-17)

= \/;75 or about 24.04
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14. In the parametric form. the second equation
becomes v = |

x - | ‘
for in this equation. we obtain ¢ =~ and r = =,
D

the line is described by ——— 7
2 6 4

. e 7 ~
simplifying. v — 6 = 2x —~ 3. So the second

equation describes a line with a slope of £ 1f v is
solved for in the first expression, we see that
vo= gy 4+ S (1.6) is on the second line but not the

,
first. Hence both equations are lines with slope of 3
with no point in common and must be parallel.

8.2 Cartesian Equation of a Line,
pp. 443-444

1.a. 77 = (6.~5)1s a direction vector parallel to
the hne.

b. For a vector perpendicular to the line. a suitable
7 has to-be found. such that 77 - 7 = 0. 7 = (5.6)
1s 4 such a vector.,

e. 1fx = 0. then v = 9,50 (0. 9) is a point on the
given line.

d. A direction vector was found in part a., so a
vector equation for a paralle} line passing through
A(7.9)isrF = (7.9) + 1(6. —=5). e R. The
corresponding parametric equation is x = 7 + 61,
v=9 - 5rreR

e. A direction vector was found in part b., s0 a
vector equation for a perpendicular line passing
through B(—=2.1)is7 = (—=2.1) +1(5.6).1eR.
The corresponding parametric equation is ‘
x=-2+5.v=1+06rr1eR
2. a.-b. y

0- /
)
N

SRESENE
24
y

c. Switching the components of the direction
vector with the coordinates of the point on the line
produces a different line.
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+ 600y = 6+ 4 e RO s solved

3. a. A direction vector parallel to the line is (8.7).

and if ¥ = 0. then v = —6. So (0. —6) is a point on

the line. So a vector equation for the line is

7= (0. -6)+ (8. 7). re R. The corresponding

parametric equationis x = 8.y = —6 + 7r.1eR.
A direction vector parallel to the line is (2, 3).

and if x = 0. then v = 5. So (0. 5) is a point on the

line. So a vecmr equation for the line is

7= (0.5) + 1(2. 3). 1e R. The corresponding

parametric equanon sy =2ry=5+31eRk

¢. The equation v = —1 describes a horizontal line

in the xv-plane, so a direction vector parallel to

this Tine is (1.0). Also (0. — 1) i1s a point on

this line, so a vector equation for the line is

7= (0. -1) + 1(1.0).re R, which gives a

parametric equationof x = 1.y = —1.1eR.

d. The equation x = 4 describes a vertical line in

the xv-plane. so a direction vector paralle] 1o this

line is (0. 1). Also (4.0) is a point on this line, so a

vector equation for the line is F=(4.0) + 1(0.1).

e R. which gives a parametric equation of x = 4.

v=11eR

4. If the two lines have direction vectors that are

collinear and share a point in common, then the two

lines are coincident. In this example, both have

(3.2) as a parallel direction vector and both have

(—4.0) as a point on the line. Hence the two lines

are coincident.

5. a. The normal vectors for the lines are (2. -~ 3)

and-(4.—6). which-are-collinear. Since in-two-

dimensions, any two direction vector perpendicular

to (2. —3) are collinear. the lines have collinear

direction vectors. Hence the lines are parallel.

b. The lines will be coincident if they share a

common point. (0,2) is a point in the first

line. So the lines are coincident if and only if

4(0) — 6(2) + k = 0. or equivalently k = 12.

So only if k = 12. are the lines coincident.

6. Since the normal vector is (4. 5), the Cartesian

equation of the line is 4v + Sy + k = (. for some

constant k. Since A(~1.5) is a point on the graph.

4(—1) + 5(5) + k=10

Sok=4-25=-21

So the equation of the line is 4x + 5y — 21 = 0.

7. So the slope of this line is equal 10 =5 = —1.
Hence the equation for the line satisties
-5
TL TR 1. or by multiplying both sides by
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X = (=3).y — 5= —1(x + 3). Moving everything
the left hand side yields y — 5 +x + 3 = 0, or

x + y = 2 = (. which is the equation in Cartesian
form.

8. So the directional vector of the line is collinear
with the normal vector (2, —4), and so has slope
equal to —2. Furthermore P(7,2) is a point on the
line. Hence the equation for the line satisfies

:';‘_T:"" = —2, or by multiplying both sides by x — 7,
= ~2(x — 7). Moving everything to the

lefi mde vields y — 2 + 2x — 14 = 0, or

2x + y — 16 = 0, which is the equation in
Cartesian form.

9, a. )%

b. First solve for ¢ in both coordinates. So¢ = 3 ~ x

v o+ 2 .

and 1 = == Then set these two sides equal to
y + 2

each other to obtain 3 — x = ~—— ",

4
43 - x)=y+2.80-12+4x=y+2o0r
4y —y = 14 = (.

10. The acute angle of the intersection-between-two-
vectors @ and b is found by taking the inverse

I}
cosine of the absolute value of l“lllji
at i

a.(2.-5) - (4. -1) = =3,](2, =5)| = V29,
and [(—4. - 1)| = V/17. So the acute angle is

cos” '(\ ,;;-;ﬁ) = 8§2°.

b. (=5.4) - (1, —6) = —29.|(~5,4)| = V41, and
(1, —6)] = V/37. So the acute angle is
cos"(*«,,rgg?;:) = 42°.

or simply

VATVET
¢. The direction vector for the first line is (2, 1) and
a direction vector for the second is (4, —3).
(2.1)- (4, -3) = 5,[(2.1)| = VS, and
{4, ~-3)| = \/25. So the acute angle is
cos ’(T—;\—-\—:) = H3°,
d. A direction vector for the second line is (2, 1).
(2.4) - (2.1) = 8.[(2.4)| = V20. and

(2. D] = V5. So the acute angle is
cos"(ﬁ;;-:) = 37°,
e. (2,-5)- (=4.1) = —13.1(2. =5)| = V29,
and [(—4.1)| = V17. So the acute angle is

e 13 . o
cos ](\~""f§y7ﬁ) = 547,
f. x = 3 has a direction vector of (0. 1) and the
direction vector for the second line is (2, 1).

(0.1) - (2,1) = 1, [(0, D)} = V1. and
[(2,D)] = \/5. So the acute angle is
COS'N](::»T‘.;T—;) = 63°,

11. a. v
6_
] /><
‘fé—'—z_z({ 2 4 6

b. The normal vectors are (1, —3) and (1, 2).
(1,-3) - (1,2) = =5.|(1. =3)] = V10. and
[(1,2)] = V5. So the acute angle is

cos ](\ﬂ})\/g) = 45° and the obtuse angle is
180°—45° = 135°,

12. a. Let the coordinates of C be (x, y). They must
satisty the equation {x, v) — (-
Rewrite this equation in Cartesian form. The slope

0,0y + i{3, —4).

is:m = —1. The equation-is-of the form

y = —3ix + b. Substitute (—6, 6) into the equation
10 solve for b.

4
6=——(—6)+
H 3( )+ b

6=8+bh
~-2=5b
The equation of the line is y = —3x — 2.
If C is the vertex of the right triangle, CA and CB
must be perpendicular, meaning that their dot
product must be 0.

=(-3-x2-y)
CB=(8~x.4-y)
CA-CB=(-3-x)8-x)+(2-y)4-y)

(3-8 -x)+(2-y)(4-y)=0
S0 =24 - 5x + X2+ 8 — 6y + ) =
Substitute —3x — 2 for y.
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=24 =Sy + X7+ 8~ by 4y =0

TS Y N I M
- - h W o et —X 2 — Y — Z =
D DX A 0 3.\ 3.\

16 16

~16 = Sx + &7 M+]7+—)—\ +~~\+4:O
%5_'\,2 + 3x + %’é v =0
25x% + 75x = 0
25¢(x +3) =0
Sox=0orx = -3
When v = 0, v = —2.

When v = = 2. But then C would have the
same coordindles as A. This would not produce a

“‘?

right triangle. So the coordinates of C are (0, —2).
b. Ky

10

8_

6_

A
O ~2)
—4
A4
c.CA = (=3~0.2~ (-2)
= (~3.4)
CB= (8 = 0.4~ (-2))
= (8.6)
CA - CB = (~3)(8) + (4)(6)
= ~24 + 24
= ()

Since the dot product of the vectors is 0, the vectors
are perpendicular, and ZACB = 90°.

13. The sum of the interior angles of a quadrilateral
is 360°. The normals make 90° angles with their
respective lines at A and C. The angle of the
quadrilateral at 8 is 180” — 6. Let x represent the
measure of the interior angle of the quadrilateral
at O.

90° + 90° + 180° — 6 + x = 360°
360° - 8 + x = 360°
x =4

Therefore, the angle between the normals is the
same as the angle between the lines.
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14. The normal vector for the first line 15 (1. —1)
and (1, k) for the second. (1. 1) - k) =1 k.
(1. = 1) = V2. and (1. k)| = Ny

So cos(607) = ] s and cos (607) = 0.5. We

,,_A ;

21k T E

I
obtain after squaring both sides that -

So02 = 4k + 2k =1 + k? or simply
kP = dk + 1 =0, . Solving by the quadratic equation
gives k =2 = V3.

8.3 Vector, Parametric, and Symmetric
Equations of a Line in R, pp. 449-450

1. a. A point on this line is (—3..1. 8).
b. A point-on this line is (1, — 1, 3).
¢. A point on this line is (=2, 1. 3).
d. A point on this hine'is (—2. ~3.1).
e. A point on this ine is (3, —=2. —1).
f. A point on this line is (' ~=, ;)

2. a. A direction vector is (—1,1,9).
b. A direction vectoris (2, 1. ~1).

¢. A direction vector 1s (3, -4, —1).
d. A direction vector is (— 1.0, 2).

e. A direction vector is (0, 0. 2).

f. A direction vector is (l -4 ) which if multiplied

by the least common denominator, 4, yields a vector
of (2,-1,2).

3.a.A8 = (3,-3,5) - (-1.2.4) = (4, -5.1)
Mdnecnon vector, as well as
BA = (-1,2,4) - (3,-3,5) = (—-4,5.~1). So

F=(-1,2,4) 4+ 1(4,=5.1), teR, is one possible
vector equation g = (3, —3,5) + s(—4.5. —1).

s € R is another.

b. The parametric equation corresponding with the
first vector equationisx = —1 + 41,y = 2 ~ 5¢,

z =4 + 1, te R. The second parametric equation is
x=3—-4s5,y=-3+55,2=5~-s,5eR.
4.2.AB = (2,5, -4) — (~1,5,~4) = (3,0,0).
So (3,0, 0) is a direction vector for the equation,
and so (1,0, 0) may be used as the direction vector.
Hence 7 = (—1,5,4) +1(1,0,0),te R, is a vector
equation for a line containing the points
A(A~1;5 ~4)and B(2,5, —4).

b. The corresponding parametric equation is
x=-1+1y=527=—41ek

¢. Since two of the coordinates in the direction
vector are zero, a symmetric equation cannot exist.
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S.a.So7= (—1.2.1) + (3. -2.1).1eR,isa
vector equation for the line and the corresponding
pare ametric equation is x = —1 + 3,y =22,
= | + 1, teR. So the symmeltric equation is

Xl y=2 -
3 =2
b. AB = (~1.2.1) = (=1.1.0) = (0.1. 1)

is a direction vector for the line. So
Fo=(=1.1.0)+ (0. 1. 1). re R is a vector
equation for the line and the corresponding parametric
equationisx = — L.y = 1 + 1.z = r.1eR. So the

symmetric equation 15 ~~~~~~ = _;. o= =7

c. MN = (—2.4.7) = (=2.-2.1) = (0. -6, —6)
is a direction vector for the line. Since

(0. ~6.-6) = —6(0.1.1), (0. 1. 1) is alsoa
direction vector for this line. So

7= (—2.3.0) + (0. 1. 1), re R is a vector equation
for the line and the corresponding parametric equation

sy = =2 y=3+rz=11eR Sothe
symmetric equation is L;J = f x = —2.
d. DE = 0) = (=1.0,0) = (0,1,0)

1S a dncumn vector for the hine. So

Fo= (—1.0,0) + 1(0.1,0). 1e R is a vector equation
for the line and the corresponding parametric equation
isx = -1,y =1z =0, 1eR. Since two of the
coordinates i the direction vector are zero, there is
no symmetric equation for this line.

e. XO = (—4,3.0)—{0,0,0)=(—4,3,0)is a
direction vector for the line. So 7 = 1(—4.3,0),
re R is a vector equation for the line and the

corresponding parametric equation is x = —4z,

y = 31,z = 0, e R. So the symmetric equation i$
L=t=0

—4 3 e T

f. The direction vector for the z-axis is (0,0, 1), so
a line parallel to the z-axis has (0, 0, 1) as a direction
vector. So7 = (1,2,4) +1(0,0,1), re R is a vector
equation for the line and the corresponding parametric
equationisx = 1,y = 2,z = 4 + 1,1e R. Since two
of the coordinates in the direction veclor are zero,
there is no symmetric equation for this line.
6. a. So the first line is given by
xA6 o v—10 -z - T(=

— T = = 1 (=1)_If x, y, and z are
solved for in terms of 1, the corresponding parametric
equationsisx = =6 + Ly =10 -1,z =7 + 1,

vt

i e R. So the first line has a direction vector of
(1. —1.1). The second line is given by

v — 11

= w~~~~——(:s) = 5. If x and y are solved

1
forintermsof s.x = =7 + s.and vy = 11 — s are
obtained. So the parametric equation for the second
lineisx= -7 +s5.y=11 -3, z2=35s5eR, and
so has a direction vector of (1. —1.0).

b. (1,1, 1) (1.~1.0)

= 1(1) — 1(=1) +0(1) = 2. [(1. —1.0)| = V2
and (1. - L. )] = /3. So the angle between the

35.3°,

7. The directional vector of the first line 1s
(8.2.-2)= —2(~4,~1.1). S0 (—4.-1.1)isa
directional vector for the first fine as well. Since
(—4.—1,1)is also the directional vector of the
second-line. the lines are the same if the lines share
a point. (1, 1. 3) is a point on the second line. Since
1:1+z“_|~|_3~‘ (1,

. . e 2
two lines is cos ’(*‘? **** )

1.3} is a point on the
first line as well. Hence the lines are the same.

8. a. The line that passes through (0,0, 3) with a
directional vector of {—3.1. —0) is given by the
parametric equation isx = ~ 3y =17 = 3 ~ 01,
1e R. So the v coordinate is equal to —2 only when
f= -2 At = —2.x = -3(-2) = 6and
z7=3-6(=2)=15 S0 A{6.—2,15)1s a point
on the line. So the y coordinate 1s equal to 5 only
whent =5 Atr =5 x = -3(5) = —15and
z2=3-6(5) = ~27.S0oB(—-15.5,-27)isa
point on the hne.

b. Since the point A occurs when 1 = —2, and point
B occurs when 1 = 5, the line segment connecting
the two points is precisely all the ¢ values between
—2and 5. So the equation is v = — 31,y = I,
z=3-61~2=1=5

9. The direction vector for the first line is

(k,2,k — 1) and for the second line is (—2,0,1).
The lines are perpendicular precisely when

(k,2,k —1)y-(-2,0,1) = 0. So
(k,2,k—1)y-(-2.0.1)

=-2(k) +0(2) + (k= 1) =~k — 1.Soif
k= —1,then (k,2,k —1)-(-2.0,1) =0, and
the lines are perpendicular.

10. a. Three different points occur at three different
values of 1. At 1 = -1, the corresponding point on
the line is (4, —2,5) — (—4.~6,8) = (8.4. -3).
At = 1, the corresponding point on the line is
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(4. ~2.5) + (—4. —6.8) =
at the origin 1s (4. — 2, 5).
b. Three different points occur at three different
values of 5. Aty = — 1. the corresponding point on
the line is whenx = —4 + 5(-1) = -9,
y=2=(~1)y=3andz =9 - 6(-1) = 15 At
s = 1. the corresponding point on the line is when
x=-44+5)=1Lyv=2~(1)=1 and
2=9-=06(1)=3So0(-9.3.15)and (1, 1. 3) are
two points on the line. The point at the origin is
(—4.2.9).

(0. —8.13). The point

. X 7 1=y 72 = Tisactually equal to
3 -1 A
.\'+‘I_\'~2-:»— .
T TTT 3 - for any 7€ R. So we can

pick different 1 values to obtain different points on
the Tines. At r = —1. the corresponding point on the

line 1s found by solving for x, v, and z. in the
X+ v

equation ~—— = Ty E 3 -1). So

and 7 = (-1 )4 = —4. 50 (—4.3. —4) is a point on

the line. A tr =1 and solving for x. v. and z, in the
+ } 3 2 z .

equanon o= o = (= 1) yields

x=(1)3-1=2.yv=(1)(—1)+2= 1 and

2= (1)4 =4.S0(2, 1, 4)is a point on the line.
A}so the point at the origin is (—1.2.0).
T~ 2.:-3.

dox = —4 =0 7 5 7 15 actually equal to

- ~ 3
x = —4, T q; ..... T ,._ng
can pick different 1 values to obtain different points
on the lines. At ¢ = —1, the corresponding point on

the line is found by so)vmo for x, v, and z, in the

I e [ VS

3 5

x= =4 y= (w'l) 3)+2= -1, and

= (-1)5+3==2.S0(—-4,~1.-2)is a point

on the line. At t =1 and solving for x, y, and z, in
-2 z-3 .

the equation x = —4, ‘)-—Tw = =z (=1), yields

v=—4 y=(1)(3)+2 =25, and

z = (1)5 +3 =28.8S0(—4,5,8)is a point on the

lme. Also the point at the originis (—4,2, 3).

11. For part a. the corresponding parametric

equationisx =4 — 41,y = -2 — 61,z =5+ 8¢,

e R. The corresponding symmetric equation is

x—-4 y+2 z-3

-4 7 -4 8

(=r1), for any re R. So we

Lquanon X
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For part b. the corresponding vector equation is
F=(-4.2.9) + s(5.~1.—-6).seR.The
corresponding symmetric equation is
x+4 yv-=-2 -9

5T T T TS

For part ¢. the point at the origin is (— 1, 2. 0) and the
direction vector is (3. — 1. 4). So the corresponding
vector equation is ¥ = (—=1,2.0) + 1(3. —1.4) e R.

and parametric equation x = —1 + 31,y = 2 — .
z =41 teR.
For part d. the point at the ‘igin s {(—4.2.3)and a

direction vector is (0. 3.5). So the corresponding
vector equation is 7 = (—4,2.3) + 1({ ) 3.5) e R.
and parametric equation x = —4,y = 2 + 3/
z=3+51eR

12. The direction vector of the first line is
(—4.—7.3) and the direction vector of the second
line 1s (3, 2. 4). The cross product of these two
vectors gives a vector that is perpendicular to both
direction vectors.

(—4.-7.3) x (3.2, 4)

~ (74 (208 - (A (2= ()
= (-28 - 6,9 + 16, -8 + 21)

= (~34. 25,13)

So a line with a direction vector of (=34, 25.13) 1s

perpendicular to the two initial lines. A parametric
equation of such a line passing through the point
(2.-5.0)isx =2 =34,y = =5+ 25z = 131

reR.

13. ginu =10+ 2,y =5+ 5. andz = 2, if
X+ vl + 22 = 9 then (10 + ’>s)"+(w +s)'+
(2) = 9 or equivalently (10 + 2s)° + (5 + 5)° +
(2) ~

(10 + 7s) + (S +5
= 557 + 505 + 120
= 5(5 + 6)(s + 4).

)y + (2)°

Soifx? + v+ z7 =9 thens = ~6ors = —
Alsoif s = —6ors = =4, thenx* + y* + 77 = 0.
So the only two points occur at s = —6 and

s= -4 Ats = —~6,x =10+ 2(—-6) = ~2.
y=5+(=6)=—l,andz = 2, 0or (—2.-1.2).
Ats = =4 x =10+ 2(-4) = 2.

y=5+(=4)=1andz =2, 0r (2.1.2).

14. Let /(4 + 21,4 + 1, -3 — 1) and

Py(—=2 4 35, ~7 + 25.2 ~ 3s) be two such points
for some real numbers s and 1. So P, P, is
perpendicular to the lines L, and L., and $o since
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the direction vectors for the lines are (2,1, —1) and
(“a 2. —3), respectively, PP, (2,1,~1) = 0and
PP, -(3.2.-3)=0.

= (—=2+3s,~7 +25.2 = 3s)

-4+ 2t,4+1.-3-1)

= (~6+3s~2t,—1l,+25—1,5-—3s+1)
So PP, - (2,1,-1)=2(—6+3s —2) +
(-1l +2s =D+ (-D)(5-3s+1)=
~28 + 115 — 61 = 0.
So PPy (3,2.-3)=3(—6+3s — 2) +
=11 +2s = 1)+ (=3)(5-3s+1) =
~55+ 225 — 111 =0
So (=[PP - (2.1 —D]+ [PPy - (3.2,-3)] =
—~2(0) + 0 = 0.
Yet (= 2)[P\P; - (2.1, = D)} + [PP; - (3,2, =3)]
= (=2)(=28 + 115 — 61) + (=55 + 225 — 111)
=1]1+Sol+r=0.ort=-1
Since =28 + L1s — 61 = 0,
~28 + 11s = 6(—1)=0,0r1ls = 22. Sos = 2.

Atr= =1, x =4+ 2(—-1) = 2,

y=4+ (~1)y=3andz= -3~ (=1)= 2. At
s=2. 0= =2+32)=4,y=-T+2(2)= -3,

andz =2 = 3(2) = —4.80 P(2,3, -2) and

P, (4, =3, —4) are the points that work.

15. The direction vector for the first line 1s (2, 1, 0)

and the direction vector for the second line is
(3.2,1). (2. 1,0) - (3.2, 1) = 2(3) + 1(2) + O(1)

=8 1(2,1,0)] = V5and [(3.2,1)] = V14. So
the angle between the two lines is

Cos“"(vsi\—ﬁ) = 17°
Chapter 8 Mid-Chapter Rewew,
pp.451-452

1. a. Any three different 7 values yield three different
points. At/ = —=l,.x =2(-1)-5=-7,y=3
(=1)+1=~-2Atr=0,x=2(0) - 5= -5,

y=3(0)+1=1landatr=1x=2(1)-5= -3,

y=3(1)+1=4So (-7, -2).(~5,1),and
(—3.4) are three points on the line.

b. Pick any three s values. At

s=—1,(2,3)+ (=1)(3,-2) = (—1,5). At
s =0,(2.3) + (0)(3,-2) = (2,3),and at
s=1,(2,3) + (1)(3.-2) = (5, 1). So

il

il

(—1.5),(2, 3), and (5. 1) are three points on the line.

c. Pick three different x values and solve for y to
obtain the three points. Atx = —1,
3(—1)+ 5y —8=0,0r5y =11.S0y = %, when

8-10

x = —1. Similarly at x = 0.3(0) + 5y — 8 = 0, 0r
y=5 A= 13(1)+5 -8=0.0ry=3=L
So three points on the line are (~ 1% ) ((). \)
and (1, 1).
d.\'—l v+ 2 2~ 5. I |
= - p=— S ac a J/ ¢

T 5 ] is actually equal to
x =1 2z
lg :‘7 (—1) for any re R. So we
can pick different values 1o obtain different points
on the lines. At r = — 1, the corresponding point on
the line is found by solving for x. v. and Z. in the

R y+2 =95

equation =5 = Ty = (=—-1).So

x=(-1)3+1=-2,y=(-1)2-2= -4 and
2= (—1)1 +5=4.S0 (—2,—4.4) is a point on
the line. At 1 = 1 and solving for x. v. and z. in the

.oox 1 y+2 -
equation = =

3 5 \( = 1), yields
x=(13+1=4y=(1)2~2=0and
z= (1)1 +5=6.So(4.0.6)is another point on
the line. Also the point at the originis (1. —2.5).
2. a. The x-intercept occurs when v = (). s0 solve
for the r values when y = 0. to {ind the point. At
=0,1+ 5= 0,501= 7% 50
= 3 - )( ‘) = (E). So the x-intercept is at

})
X
('%’ 0) The y-intercept occurs when x = 0, or

3 — 3¢ = 0. So at the y-intercept. r = 1. S0

v =1+ 5(1) = 6. So the v-intercept 15 at (0. 6).

b. The x- 1mercept occurs when v = 0, so solve for
the s values when y = 0. to find the point. At y = 0.
3-2s=0,50s=5%80x= -6+ 2(7) = "—4
So the x-intercept is at (— 4. 0). The y-intercept
occurs whenx = 0, or —6 + 25 = 0. So at the
y-intercept, 1 = 3. Soy = 3 ~ 2(3) = —3. So the
y-intercept is at (0. —3).

3. The direction vector for the first line 1s (—4.7)
and the direction vector for the second is (2, 1).
(—=4.7)- (2,1) = —1,](=4.7)] = V65, and

[(2, )] = V5. So the angle between the lines is
cos ™ (ozy

v’?’»xfﬁ?) = 93.2° The acute angle between

the lines is approximately 180° — 93.2° = 86.8°.

4. The direction vector-for the x-axis is (1, 0) and the
direction vector for the y-axis is (0, 1). The direction
vector of the line'is (4, —5). (4. —=5) - (1,0) = 4,
(4, =5)] = VAL, and |(1,0)] = V1 = 1.

So the angle the line makes with the x-axis is

cos (i) = 51° (4, =5) - (0,1) = =5,
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(4.-5)1 = V4l.and (0. )] = V1 = 1.So
the angle the line makes with the y-axis is
cos"‘( : ) = 141". The acute angle between

1\V4]
them is approximately 180° — 1417 = 39°.
5. Since the perpendicular line has (5. ~7) as a
direction vector, (5, —7) is a normal vector for the
desired line. So a Cartesian equation for this line
isSx — 7y + C = 0, for some constant C. C is
found by knowing that (4. —3) is a point on the
line. Se 5(4) = 7(~3)+ C=0ordl + C = (.
Hence C = —41. and the Cartesian equation is
Sx — 7y — 41 = 0.
6. Parallel lines have collinear direction vectors.
Since the direction vector for the first line is
(3. —4.4). it may also be the direction vector for
the desired line. The symmetric-equation for this
line having (0, 0, 2) as its origin point is
X B g — 2

£

37 a7 T a

7.KL = (3, -5.6) ~ (2.4.5) = (1. -9.1). Since
parallel lines have collinear direction vectors,

(1, =9, I')ymay be taken to be the direction vector
for the parallel line. So the parametric equation with
(12,5 asusongmpointisx = 1 + .y =2~ 9,
z=5+11eR.

8. The direction vector for this line is (2. -8.7).
The direction angles are found by finding the angles
this vector makes with the coordinate axes.. The
direction vectors for the x-axis, y-axis, and z-axis
are (1. 0,0).¢0. 1. 0), and (0, 0, 1), respectively.
(2, =8.7) = V22 + (=8)" + 72 = V117, and
1(1.0.0)] = (0, 1.O)] = | (0,0. 1) = V1 =

(2, -8,7) - (1, (), 0) = 2. so the angle the line
makes with the x-axis is cos” ](I\Tﬁ) = 79.3°,

(2. 8,7y (0,1,0) = —8, so the angle the line
makes with the y-axis is cos™' (155s) = 137.7°.

(2. -8,7) - (0,0.1) = 7, so the angle the line
makes with the z-axis is.cos” ‘(m) = 49.7°.

So the direction angles are approximately 79.3°,
137.7°, and 49.7°.

9. If (a, b, ¢) is a unit vector with direction vectors
60°, 90°, and 30°, then

c0s (60°) = (a.b,c) - (1,0, 0). Yet cos(()()o) =3
and (a,b,¢) - (1,0,0) = a. So a = 4. Similarly
cos (90°) = (a,b,c) - (0,1,0), so0 = b. Also

cos (30°) = (a,b,c) - (0,0,1).s0% = ¢. So
(4.0, ﬁ) is a direction vector for the line, as well as

(1.0.V3).
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So the symmetric equation of the line with this

- direction vector and P(3. —4. 6) as an origin point is

ey 0

10. The direction vectors for the x-axis, y-axis. and

z-axis are (1.0.0), (0, 1. 0), and (0, 0. 1), respectively.

The origin is a point on each of the axes, so it may

be taken as the origin point for each equation. So a

parametric equation for the x-axis is v = 7. v = ().

z = 0. re R Similarly a paramctric equation for the

v-axisisx = 0.y = 1,z = 0, re R. and a parametric

equation for the z-axisisxy = Ly =0,z = .7e R.

11. a. The direction vector for the first line is

(k + 1,3k + 1.k — 3) and the direction vector for

the second line 1s (— 3. —10. —5). The lines are

parallel if and only if the direction vectors are

collinear: The vectors are collinear only when one

is a multiple of the other, which happens only when

the ratio between the coordinates i1s constant. So

the direction vectors are parallel if and only if

k+1 3k+1 k=3 _k+1 3k+]
el _3v]t el hm.lhen

=10(k +1) = =3(3k + 1)or

=10k =10 = -9k — 3. S0k =

k+1 3k + 1

then "T = ““:—]'6
well, the ratios are a constant. So the lines are

parallel if kK =-—7.The lines are perpendicular if and

only if the dot product of the direction vectors is zero.

(k+1.3k+1.k=3)-(-3.-10,=-5) =

(k+1)(=3)+ 3k + D(—10) + (k= 3)(—3)

= =38k + 2.

So the dot product is zero when =38k + 2 = 0

or simply k = £. So if k = 7, then the lines are

perpendicular.

12. The x-intercept occurs when v = 0, so solve for

the x value when y = 0, to find the point. Aty = 0,
X -6 0+ 8

y =

=T

~T Wk = ~7.

= 2, and since ~=%= = 2 as

3T =T = —4sox = (-4)3+6=-6.50
the x-intercept is at (—6,0). The y- imercept occurs

+ 8 -
when x = 0. So at the y-intercept, - — =5t = -2

soy = (—2)(—2) — 8 = —4, So the y-intercept
is at (0, —4). So the triangle with the origin has a
base of 6.units and a height of 4 units.

Hence the hypotenuse has a length of

V42 + 62 = V/52. So the perimeter is equal to

4 + 6 +\/52 = 17.2 units. The area of the triangle is
Ixdx6=12

13. a. Solving the Cartesian equation for y yields

v = Fx + 6. So the direction of the line is (4, = 3)
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and the v-intercept, (0, 6), may be the origin

point of the line. S0 a vector equation 15

7= (0.6) + (4. - 3). e R

b. The corresponding parametric equation for the
vector equation inparta.isxy = 4,y = 6 — 3.reR:
¢. A direction vector for the x-axis is (1, 0).

(4.-3) - (1.0) = 4. (4. =3)| = V25 = 5, and
H1.0)] = 1. So the angle between the line and the

x-axis is cos(3) = 36.9°.

d. The normal vector for the line 1s (3, 4), which is
a vector perpendicular to the line. So a line with the
origin as it origin point with a direction vector of
(3.4)is7 = 1(3.4). reR.

14. -5 = 5 = —1 is the slope of the line
connecting A(—4.6) and B(§, 4). Since A(—4.,6)
is a point, the scalar equation can be found from

= =1 S0 6(y = 6) = —1(x +4),

which gives x -+ 6y — 32 = 0 as the scalar equation,
AB = (8,4) - (—4.6) = (12. =2) is a direction
vector for the line and we may take A(~—4.6) to be
the origin point for the line. So a vector equation-for
the lineis 7 = (—4.6) + 1(12, =2).1e R. The
corresponding parametric equation is x = —4 + 12f,
v==6~2i1eR.

15. The direction vector for the given line is
{2.--4). S0 a vector (4,.1,). is normal to (2. —4) if
(2, —4) - (1;, ) = 0 and ¢, and 1, are not both zero.
(2.-4) - (1. 6) = 2(1y) — 4(1)

Soift, = 2and t, = 1, then (2, —4) - {1,,1,) = .

50 (2. 1Y 1s normal to the line. Since | (2, )] = \/%

w2(2.1) = (w\-ﬁ) 1s @ unit vector normal to the
given line.

. . o) . . .
16. a. Since the slope i1s %, a direction vector for

3
)

the Tine is (3, —2). A parametric equation with an
origin point of (=5, 10)is x = =5 + 3,

v=10 - 21, 1eR.

b. The direction vector for the given line is

(2. —2). A vector, (1,, 1,), perpendicular to (2, —2)
satisfies (2, =2) - (¢;. ;) = 0 and'¢, and 1, are not
both zero. (2, =2) - (1, ) = 2(1;) ~ 2(5)

Soity = land, = 1, then (2, —4) - (1), 1) = 0.
So (1, 1) is a direction vector for a line perpendicular
to the given line. A parametric equation for this
perpendicular line with an.origin point of (1, —1)
isx=1+ry=—-1+r1r1eR

¢. A direction vector for the line is

(0,10) = (0.7).=(0, 3). So we may use (0, 1) as a
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direction vector. Also since the line connecting

(0. 10y and (0, 7) has the origin as a point, the
origin may be used as the origin point for the
parametric equation. Hence a parametric equation
forthe hneisy = 0,y = 1. 1e R.

17. a. The coordinate planes are x = 0, y = (.

and z = 0. If the x coordinate of the line is zero.
then 12 — 3¢ = 0, so 1 = 4. So the line intersects
the yz-plane when 1 = 4. Since

(12. =8, -4) + 4(~3.4.2) = (0.8.4), the line
intersects the vz-plane at (0. 8, 4). Simlarly if the
v coordinate of the line is zero, —8 + 41 = (). so
= 2. Since (12, = 8. —4)+2(~3.4.2)=(6.0,0).
the line intersects the xz-plane at (6, 0, ). 1f the ¢
coordinate of the line is zero, 1 1s also 2. Hence the
line intersects the xv-plane at (6. 0, 0).

b. Since any line intersecting a coordinate axis
intersects two coordinate planes at the same point.
the only possible points for intersection with an axis
are (0, 8. 4) and (6. 0. 0). (0. 8. 4) does not lie on a
coordinate axis, but (6. 0. 0) lies on the x-axis. So
the line ntersects the y-axis at (6.0, 0).

C. Z

18. a. Choose Py to be the origin point for the
equations. So the vector equation 18
F=(1,-2,8) +1(~5 ~2.1).reR. The
corresponding parametric equation is x = 1 — 5¢,
v=—2-2z=8++ 1 1eR. and the symmetric
. Cox — 1 v+ 2 - 8

equation is ——z= = T =
b. Choose Py to be the origin point for the equations.
So the vector equation is ¥ = (3,6,9) + (2,4,6),
te R. The corresponding parametric equation is
x=3+2t,y=6+ 41,2 =9+ 61.1e R, and the

. . .x=3 y—6 -9
SYMMELric equation s =5~ = == = =,
¢. Choose Py to be the origin point for the equations.
So the vector equationis 7 = (0,0,6) + r(—~1,3, 1),
1e R. The corresponding parametric equation is

Chapter 8: Equations of Lines and Planes



5.z = 6 + 1. re R.and the symmetric
o Y v -6

equation is = 5 = o
d. Choose P, 10 be the origin point for the equations.
So the vector equation is 7 = (2.0,0) +
re R. The corres “p(mdino parametric equation 1s
x=2.v =10 = —21eR. Since the direction
vector has 1wo zero coordinates. there is no symmeltric
equation for this Jine.
19. A line parallel to the line connecting the points
(—4.5.6)and (6. —5.4) has a direction vector of
(6. -5.4)— (—4.5.6) = (10. —10. —2). Since
L()]]H]LdI vectors of (10, — 10, =2 are also direction
vectors for the hine. (5. — 5,
So the vector equation for a line with a direction
vector of (5. = 5. — 1) passing through the origin is
Fo= (5. ~5. - 1).1eR.
20. The midpoint between (7 6. 10y and (—
is precisely 3 (2. 6.10) + (-
The line connecting the xmdpoim and the given point
has a direc i(m \u‘mr of

1)y = (—=1.5.1) = (1. =13.0). So the
pm amelric cqmnons of the line through the desired
pointsisx = 1.y = -8 — 131,z = l.1eR.
21. The direction vector for the first line is (
and the direction vector for the second line is
(—3.-9.15) = =3(1.3. -5). So the direction
vectors are collinear. T he direction vectors are
collinear if and only if the lines are parallel, so the
equations describe parallel lines.
22. Since 1 = - =
(7. —1.8) lies on the line.

XY= -fy =

4.4, -8)

= 1, the point

8.4 Vector and Parametric Equations
of a Plane, pp. 459-460

1. a. plane; This is a vector equation of a plane in R,
b. line; This is a vector equation of a line in k™.
¢. line: This is a parametric equation for a line in R”.
d. plane; This is a parametric equation of a plane in
R using (0, 0, 0) as 7.
2. a. The first direction vector can be expressed
with integers as follows:

1 3
(3, 2, 4> X 12 = (4,-24,9).
b. The second direction vector can be reduced as
follows:

1 .
(6, —12,30) X ~ = (1, ~2.5)
6
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((0.0. ~2).

— 1) 1s a direction veclor.

4.4,-8)] = (~1.5.1).

1.3.-5).

¢. The resulting equation of the plane using the two
new direction vectors is:

F= (2,1.3) + (4, ~24.9) + (1. —-2.5). 1.5eR
3. a. By inspection, if we choose n.= m = 0, we
get:the point (0.0, —1).

b. Collecting the vector components of the i, and
m, multiples we can rewrite the equation of the
plane in vector form as:

7= (0,0.-1)+ m(2, =3, ~3)+ n(0,5 —2).
m. nekR

Thus our direction vectors are:

(2. -3, =3)and (0.5. ~2)

c.7=(0.0. 1) + m(2. 3. =3) + n(0.5. - 2);
m,nekR

Letting m = —1andn = —4 we get:
7= (0,0. 1)+ (=12 3. =3y +(—4)
(0.5.-2)
= (0,0.—1) + (=2.3.3) + (0. =20, 8)
= (-2, —17.10)

d. Letting 7 = A(0, 15,17)
A(0.15,=7) = (0,0. 1) + m(2, =3, =3)
+ (0,5 —2)
We get the following parametric equations:
0=0+2m+ Om:

0=m.
15=0+ (=3)m + 5n
15 = 5n
3=n
~7 = —=1-=3m—2nform=0and n = 3 we get.
-7 =-1-3(0) = 2(3)
~7 = -7

So our solution is m = O and n = 3.

e. For the point B(0, 15. = 8) the first two parametric
equations are the same; yieldingm = Qand n = 3,
however the third equation would then give:
-8==1-3m~—12n

=8 = —1 - 3(0) — 2(3)

—8& = —7 which is not true. So there can be no
solution.
4.a. P(—2,3.1). Q(=2.3.2). R(1.0. 1)
PO=Q-P=(-2-(-2),3-32-1)

= (0,0, 1)
PR=R-P=(1—-(-2.0-31-1)

= (3,-3.0)

F=(- 1) + 1(0.0, 1) + 5(3. =3.0)

b.OR=R-0Q=(1-(-2).0-31~2)
= (3,-3.~1)
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Using -Pde as the other direction vector:
F=(-2,3,-2) +1(0,0,1) + 5(3, -3, —1),
t.seR
Using PR as the other direction vector:
F=(1,0,1) +1(3,-3,0) +5(3,-3,-1),1,5eR
5.a.7= (1,0, 1) + s(2,3, —4) + 1(4,6, - 8),
1,5 € R, does not represent a plane because the
direction vectors are the same. We can rewrite the
second direction vector as:
(2)(2.3.~4)
And so we can rewrite the equation as:
F=(1,0,-1) + (2,3, —4) + 21(2,3, - 4)

= (1,0, =1y + (s +20)(2,3, —4)

= (1,0,-1) + n(2,3,4).neR
This is an equation of a line in R*.
6. a. The plane with direction vectors @ = (4, 1,0)
and b = (3.4, - 1), that passes through the point
A(—1,2,7) has a vector equation of:
F=(-1,2.7)+ 1(4.1.0) + 5(3,4, —1),1,5eR
The parametric equations are then:

x=—1+4r+ 35

y=2+1+4s

z=T7—-s15eR

b. AB = (0,1,0) ~ (1,6,0) = (—1.1,0)

AC = (0,0,1) = (1,0,0) = (=1,0,1)
Using A(1, 0, 0) as our point with AB and AC as
our direction vectors, our vector equation is:
F=(1,0,0) +(—1,L,0)+s(—1,0, I,sekR
And thus our parametric equations are:

y
z=s,15¢R
c.AB=B- A= (3.4, —6) using this and

@ = (7,1,2) as our direction vectors and A(1, 1, 0)
as our point, the vector equation is:

F=(1,1,0) + 1(3,4,-6) + s(7,1,2).1,5eR

The parametric equations are:

x=1+3r+7s

y=1+4dr+s

z=~6t+ 25, t,5¢R
7.a.(53,2)=(2,0,1)+5(4,2, - 1) +1(—1,1,2)
This gives the parametric equations:

S=2+4s —t=1= -3+ 4s,

3 = 2s + 1. Substituting for 1 gives:

3=25+ (=3 + 4s)

6 = bs

= 5.

1= =3+4(1) = 1.
2=1=-5+2

=1-142()
2 = 2; whichistruesos = I and r = 1.
b. (0.5, -4)=(2,0,1) + s(4,2, - 1)+ 1(~1,1,2)
Gives the following parametric equations:
0=2+4s —1=1=2+ 4s.

5=125+1
5=2s+ (2 + 4s)
3 =6s
1__ 3
5 =
~2+4(3)
- 2
t=2+2=4
The third equation then says:
-4 =1-5+2

1
—4=1-=+2(4
S+ 204)

—4 =Y which is a false statement. So the point
A (0,5, —4) is not on the plane.
8. a. Using the direction vectors @ = (~1.1,2),
b = (2.1, —3) and the point A(~3,5.6), two
equations of intersecting lines on the plane in vector
form are:
l=(-3,56)+s(-1.1.2):;5eR
pP=1(-3,56)+1(2,1,-3)1eR
b. When s = 0 and v = 0 it is easily seen that these
two lines both have the point (~ 3,5, 6) in common.

9.7 = (4,1,6) + s(11, —1,3) + 1(=7,2, —2) has

parametric equations:
x=4+11s -7t

y=1-s5s+2
2=6+3s =2
The plane crosses the z-axis when both x and y
equal 0.
0=1-s+U=s=1+2
=4+ 11s — Tt
O0=4+11(1+21)— 7t
0 =15+ 15¢
= -1
s=1+2(—1) = —1. And so the z-coordinate is:

z =6+ 3(—1) — 2(—1) = 5. The plane crosses
the z-axis at the point (0, 0, 5)

10. Using the point Q(2, 1, 3) on the line and the
point P(—1, 2, 1), we get another direction vector:
d=Q — P = (3, —1,2). The equation of the plane
having the given properties is then:

F=(2,1.3) +5(4,1,5) +1(3,-1,2),1,seR
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11. Using the point A(~ 2,2, 3) and the point

(0, 0, 0) on the line we get another direction vector of
a = (—2.2.3). So the equation of the plane with
the given properties is:
F=m(2,-1,7)+n(-2.2.3).mneR.

12. a. The xv-plane in R* has no z-coordinate so two
sets of direction vectors are: (1, 0, 0). (0. 1, 0) and
(1, 1,0, (—1.1.0).

b. A vector equation for the xy-plane in R is:
F=5(1,0,0)+1(0,1,0),1,seR.

The parametric equations are:

X o=y
y:[
z=0.r.5eR

13. a. We can use the direction vectors
OA = (—1.2,5)and OC = (3. -1, 7) and the
origin to write the vector equation of the plane:
F=s(~12.5) +1(3. ~1.7)h1seR
b. Using PO = O = P = (~1,2.5) and
PR=R-P= (3. — 1, 7) as direction vectors, the
vector equation of the plane is:
F=(=2.2.3)+s(~-1,2.5)+1(3,-1.7).t.5eR
c¢. The two planes in parts a. and b. are parallel
since they have the same direction vectors.
14. We simply need to show that the direction vectors
can be expressed as a linear combination of the other
two:

(—4.7.1) = (=3,2.4) = (—-1,5.-3)

27 17 ~ (
T(73.2.4) = (=47 ) = (- L=5.7).

15. The plane

F=(1.2.3y +m(1,2,5) + n(1, —1,3) hag
parametric equations:
x=1+m-+n
y=2+2m-n

z =3+ 5n+ 3n

Solving for the v-intercept:
O0=1+m+n=n=~1-—-m
0=3+5m+ 3n
O0=34+5m+3(-1-m)

0 =4m

O=rmn=—1
y=2+20)~-(-1)=3
Solving for the z-intercept:

n=-1-m
0=2+2m— (=1 —-—m)
0=3++3m

min =10

=
=3+ 5(—=1) + 3(0) = —2.

2
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The direction vector between the two points is then:
(0.3.0) ~ (0.0. =2) = (0.3.2).

And the equation of the line between them is:
F=(0.3,0)+ 1(0.3,2).reR

16. The fact that the plane

¥ = OP, + sd + th contains both of the given lines
15 casily seen when letting s = Oand 1 = 0
respectively.

8.5 The Cartesian Equation of a Plane,
pp. 468-469

l.a.n = (A B.C)= (1,-7.-18)

b. In the Cartesian equation:

Ax + By + Cz + D = 0.1f D = 0 the plane
passes through the origin.

¢. Three coordinates: (0, 0.0). (11. = 1. 1),

(T, —1.1),

2oa.nm = (A B.C)= (2. -5.0)

b. In the Cartesian equation: D = 0. So the plane
passes through the origin.

¢. Three coordinates: (0.0.0). (5.2.0). (5.2, 1)
Joa.nn= (A.B.C) = (1,0.0)

b. In the Cartesian equation: 2 = 0. So the plane

~ passes through the origin.

¢. Three coordinates: (0.0,0), (0.1.0), (0,0, 1)
4.a.77 = (15.75, —105) which is equivalent
ton = (1.5, =7). The Cartesian equation is:

x + Sy — 7z + D = (. Since the plane passes
through the origin D = 0. So the equation is:
x4+ 5y~ 7z =0

b. i =
7= (—8.12,7). so the Cartesian equation is:

~8x + 12y + 7z + D= (), and since the plane passes
through the origin D = 0. =8x + 12y + 72 =0

5. Method 1: Let A(x.y. z) be a point on the plane.
Then PA = (x + 3.y = 3,z — 5) is a vector on the
plane.

(—3.5. 1a) is equivalent to

ii-PA =0
(x+3)+7(y=3)+5(z=5) =0
x+7v+5:-43=10
Method 2: 7 = (1,7.5) so the Cartesian equation
issx+ Ty + 52+ D=0,
We know the point (—3, 3, 5) is on the plane and
must satisfy the equation, so:
(=3)+7(3)+5(5)+ D=0
43+ D=0
D = —43.
This also gives the equation:
x+ 7v+ 5z -43 =0
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6.a. PO=(3-(—1).1~-2.4-1)
= (4.-1.3)
OR=(-2-33-15-4)=(-521)

PO X QR = (= 1)(1) = (3)(2). 3)(—5)
~ (4)(1). (4)(2) = (=1)(=5)
(—=7.-19.3)
= ~1(7.19, = 3).

Using 7 = (7.19, — 3) the Cartesian equation is:
Tx + 19y = 3z + D = 0.
Using the point R(—2.3,5) on the plane to
solve for D:
T(=2)+19(3) - 3(5)+ D =10

-4 +57T-15+D=20

28+ D=0
D = =28

Tx + 19y — 3z — 28 = 0)

b. OP=(-1-32-11-4)
= (—-4.1.~3)
PR=(-2-(-1),3-2,5-1)
= (~1.1,4)

QP x PR = ((1)(4) = (=3)(1). (=3)(—1)
= (=4)(4), (=) (1) — ()(~1))
= (7,19, =3).
Using i7 = (7. 19. — 3) the Cartesian equation is:
Ty + 19y — 3z 4+ D = 0.
Using the point P(—1,2, 1) on the plane to solve
for D:
=Ly +i92) - 3)()+ D=0
-7+38-3+D=40
28+D=10
D = —28.
Tx + 19y — 3z - 28 =0
¢. There is only one simplified Cartesian equation
that satisfies the given information, so the equations
must be the same.
7. AB=(51.4).
AC = (3.-2,-1).
AB x AC = (1)(=1) = (4)(~2). (4)(3)
= (9)(=1), 5)(-2) - (1)(3))
= (7,17, —=13)
Usmg, n = (7,17, —13) the Cartesian equation is:
Tx + 17y — 13z + D = 0.
Using the point (1, 1, 0) on the plane to solve for D:
7(1) +17(1) = 13(0) + D =0
24+ D=0
D = —24.
Tx + 17y — 13z — 24 =0
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8. The point (2,0, 1) is on the line and thus also
on the plane and we can get another direction vector
from:
PO = (1,-3,1). Using @ = (—4,5,5) as the other
direction vector we can find the normal vector:
= PO Xd= ((=3)(5) — (1)(5). (1)(~4)
= (1)(5). (1)(5) — (=3)(—4)
= (=20,-9,~-7) = —1(20,9.7).
Our Cartesian equation is thus:
20+ 9y + 7z + D = 0.
Using the point (1, 3, 0) to determine D:
2001 +9(3) + 7{0) + D = (.
47 + D =0
D = —47.
206 + 9y + 7z — 47 = 0
9.a.2x+2y-z-1=190
n=(2,2,-1)
= VAT AT
=3
So the unit normal vector is:

w553

b.dx — 3y +z—-3=0

7= (4,-3,1)
il =V16+ 9 + 1
= V26

S0 the unit normal vector is:

no 4 3 1
Al (\/QE V26’ \/56)
eIx—4dy+ 12z -1=0
= (3,-4,12)
i = VO + 16 + 144

= V169

=13
So the unit normal vector is:

Ao (_3, 4 1_2_>
ml \13° 13713

10. We know the point P(1, 1,5) is on the plane,

and can obtain another direction vector from:

AP = (1,1, -6). Letd = (2 1,3) be our other

direction vector.

n—Aan~«ﬁwrw @d)(@@)
uxn<uu>~uxw

= (15, -1 ) )
The Cartesian equa ion i§thens "
2 — 15y — z+ D = 0.

Q
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Using the point (1.1, 5) to solve for D:

(1) — 15(1) = (5) + D =0
1+ D=0
D = ¥\

2lx = 15y — z +11 = 0.
11. Since the normal vector is perpendicular to the
plane, we can use the direction vector of the line as
our normal vector:
H=(3.-2.0)~ (1,2,1) = (2, -4, —1).
The Cartesian equation is then:
e -4y —z+ D=
We need the point (— 1, 1.0) to be on the plane so:
—1) = 4(1) - (0) + D=0
-6+ D=0
D = 6. And the Cartesian equation of the plane
satisfying the given conditions is:
2 =4y —z + 6 =0.
12. a. To determine the angle between two planes,
first determine their normal vectors. This is easily
done if the equations given are in Cartesian form.
Once the normal vectors are known, 71, and n3, then
the angle between the two planes can be determined

from the formula:
"y -,
cos (#) = 7=
I’71t 0
b. n,=(1,0.-1).n, = (2.1, -1).
e, =240+ 1
= 3
e, = V2 - Ve
= V12.
o~ ) . 3
cos{f) = >
V3
2
g
6
= 30°
13.a.77) = (1,2, =3).n; = (1.2,0)
o, =1+4
=5
il = Vid -5
= V70
b)
cos(6) = 7

= cos"(—\—/5—7,—6) = 53.3°
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b. The parametric equations for the line are:
x=3-2
y=-1+23
7= -4+
which give the following vector equation:
7= (3.—1.—4) + (=23, 1). Since the line and
normal vector are both perpendicular to the plane
we may take:
n=(2.-3.-1).
The Cartesian equation for the plane is then
2¢x = 3v—z+ D=0
Using the point P(1.2, 1) to solve for D:
2) = Y2y - (H(H) + D=0

-5+ D=0
D = 5. And the Cartesian equation becomes:
2x =3y —z+5=0.
4.a.n' = (4. k.-2)and i, = (2.4.—1).
When k = 8.7, is equivalent to: iy = 2(2,
so the planes are parallel when k = 8.
b. When the planes are perpendicular

4.-1),.

iy i = 0.
i =84 dk+2=0
10 + 4k = 0
10 5
YT 2

¢. No the planes cannot ever be coincident. If they

were then they would also be parallel, so & = 8. and

we would have the two equations:

4y + 8y — 2z + 1 =0.

2x+ 4y — 2z + 4=0=>4x+8y — 2z + 8 = 0.

Here all of the coefficients are equal except for the

D values, which means that they don’t coincide.

15. Since the plane passes through the points (1.4.5)

and (3,2, 1) itcontains the line and the direction

vector between them. The direction vector is:

F=(2,-2.—-4). v

The normal vector, 7], must be perpendicular to the

direction vector and to the normal vector,

m; = (2, — 1. 1). of the other plane, so:

ny =7 X0 = (=2)(1) = (=) (=1D). (=4)(2)
= (). 2)(=1) = (=2)(2)
(“6 -10.2) = —2(3 5, —1)

i

the plane is:
3x+S5y—-z+D=0
Use the point (1, 4, 5) to determine D:

3(1)+54)-5+D=0
18+ D=0
D= —18.

3x+ 50—z - 18=0
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16. Let ] = (A. B, C), be the normal vector of the
unknown plane. and n; = (1.2.0) be the normal
vector to the perpendicular plane. 11} - 115 = 0 s0
we get:
A+ 2B =0.

A= ~-2B
We also know that the z-axis has the direction
vector 7 = (0,0, 1). So:

V3
cos (30°) = ——
2
noe v
1A
C
VAT + B+ ¢
The other constraint which we can choose is the
length of 7). Since this is arbitrary (multiplication
by any scalar will give an equivalent normal vector)

\//j C .
5 5 =C = V3.
AP+ B+ P =4
4B + B* + 3 =4
, 1
B =3
B = P2
RV
The equation of the plane is then:
2

1 i
=y b —=y + V37 = (),
V5

V5
17. The point equidistant from (—1,2,4) and
(3,1, —4) is the point
Y(=1.2,4) + (3.1, -4) = (1.2.0). If every
point in the plane is equidistant from these two
point than the normal to the plane must point in the
same direction as the line connecting them:
= (3,1.-4) = (-1,2,4) = (4, -1, -8).
The equation of the plane is thus:
dx =y -8z + D = 0.
Using the point (1,3, 0) to solve for D:

3
41) =5 -0+D=0

> +D=0=D-= >
2 SUTE TS
We now have the equation of the plane:
5
4y —y — 8z — = = (.
X ) 5

Or equivalently:
8v — 2y — 16z — 5 = (.

8.6 Sketching Planes in R?,
pp. 476-477

1. a. A plane parallel to the vz-axis but two units
away, in the negative x direction.

b. A plane parallel to the xz-axis but three units
away, in the positive v direction.

¢. A plane parallel to the xy-axis but 4 units away.
inthe positive z direction.

2. The point of intersection of the three planes in
problem I must lie in every plane. Therefore the
point of intersection is: (—2, 3. 4)

3. The point P(5, =3, = 3) must lie on the plane 7 :
x = 5. since the point has an x-coordinate of 5, and
doesn’t have a y-coordinate of 6.

4.1n R*, x* — 1 = 0 represents two lines, v = — 1
and x = 1. In R’ x* — 1 = 0 represents two planes
with the same equations.

Y

7
14

5. a.i. x-intercept is when y = z = (.

2x =18

x=9

Similarly the y-intercept is:
3y = 18

y=26

Since x and y cannot both be zero at the same time there
1$ no z-intercept. The plane is parallel to the z-axis.
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ii. x-intercept:

3x = 120

x =40
y-intercept:

~4y = 120

y = —30

z-intercept:

5z =120

z=24

iii. There is no x-intercept since y and z cannot both
be simultaneously zero.
y-intercept:

13y = 39
y=3
z-intercept:

-z =239
z= -39

b. i. Since the plane is parallel to the z-axis one
directional vector is: (0.0, 1). The other lies along
the line 2x + 3y = 18.s0 (3, —2.0).

ii. We can find directional vectors by taking the
difference between two points, namely the intercepts
we found in a.: (40.0,0) — (0, =30, 0) = (40,30.0)
or equivalently (4, 3. 0).

(40,0,0) — (0,0.24) = (40,0. —24) or
equivalently (5,0. —3).

iii. Since the plane is parallei to the x-axis (1.0.0)
is one directional vector.

{0,3,0) = (0.0, -39) = (0,3,39). Or equivalently
(0.1, 13).

6. a.i. 7 2x — y + 5z = 0. Three points satisfying
this equation are: (0,0.0). (1.2,0), (0.5.1).

ii. The line where this plane intersects the xy-plane
is simply the line when z = O:

2x —y =0

b.

7. xyz = 0 has the solutions: x =0,y = 0,z = 0.
So the three planes are the yz-plane, xz-plane, and
the xy-plane.

Caleculus and Vectors Solutions Manual

9.a.xy +2y =0

yx +2)=0
b. ¥V
24
]-
’ X
_ —‘l O 1] b L
19 1 2
ey =

er

wf$y
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. b. The plane with x- and z-intercepts of 5 and —7.
respectively. and which is parallel to the v-axis is

R) <
s 7L
¢. No x- or v-intercepts but with a z-intercept of

= 1.

8 has the equation g

Review Exercise, pp. 480483

1. Answers may vary. For example:
A(L2.-1),B(2.1,1). C(3.1.4)

AB=(1.-1.2)=4d

10. a. : i ~
t BC = (1.0.3) = b
F= g+ sa + b
F=(1,2.-1)+s(1.—1.2) + 1(1.0.3). 5, teR
x=1+5+7
e A Ty y=2-y
’ 7= =1+ 25+ 3
2.A(1.2.-1). B(2.1.1). C(3.1.4)
b Elf = (1.-1.2) iﬁ
BC = (1.0,3) = b
i F= (L2 =1y +s(l.~1.2) + 1(1.0.3).5.1eR
1 hXa=(1.0.3) X (1.=1.2) = (3.1, = 1)
NS 7 : Ax+ By + Cz+ D=0
//__‘\&,\,‘\M G+ (y+ (=z+ D=0
e 1 (D + (2) - 1(~-1)+ D=0
! D=-6

Bx+y—z-6=190
c. AC = (2.-1.5)
BC = (1.0.3) = b

F=(1,2,-1)+5(2.-1.5) + 1(1.0.3). 1.5eR

¢

Il

Y bx¢=(1,0,3)%(2,-1.5) = (3.1.~1)
o Ax+ By + Cz+ D =0
T Ty G+ (Dy+(=)z+D=0
e 31) 4 (2) - 1(~1) 4+ D = 0
D= -6

x+y—z-6=90
Both Cartesian equations are the same regardless of
which vectors are used.
. T ooy o 3. a. Answers may vary. For example:
3, 4, and 6, respectively syt g te= 1. A(-3.2,8), B(4,3,9)
AB=(71,1.1)=14d
F=1(4,39+1(7.1.1),1eR

11. a. The plane with x-, y-, z- intercepts of
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X=Xy tracy = oy, th.z = Iy to1C
y=d4470y=3+0:=9+11eR

XXy Vo vy Oy

b. Answers may vary. For example:
A(—3.2.8). B(4,3.9). C(—-2.—-1.3)

CB = (6.4.6)=(3.2.3)=0

F= (4.3.9) 4 1(7.1.1) + s(3.2.3). 1.seR

o= o otay by = vy otay b,
7= Iy F otay by

x =4+ T4 350y =3+ 1+ 2.
=947+ 35.1.5¢R

¢. There are no symmelric equations. because there

are two parameters.
4. A hine passing through A(7. 1. —2) and
perpendicular to the plane with the equation

c. A(1,.2.1), B(2.1.4)
AB = (1.-1.3)
(1.0.0)
AB X i1 = (0.3,1)
Ax+ By + Cz+ D=1
O+ B)y+ (Hz+ D=0
(1) + (D2)+ () + D=0
D= -7

Il

s
n

3v+z-7=0
6.7=(3,7,1)+1(2.2.3),1eR
(2,2.3) - (a.b.c)y =171
2a +2b + 3¢ =0
a=19 b= -7 ¢=~8§
n= (19, -7, -8)
Ax+ By +Cz+ D =1
9v -7y —8:+D =40
19(0) = 7(0)y = 8(0) + D=0
D=0
19y - 7y = 8z =0

2v = 3v + 7 — 1 = 0. Since ticul: < . ‘
2v = 3y 4 2= 1= 0. Since the line is perpendicular 7 _gince the plane is parallel 1o the vz-plane. its
to the plane. the normal of the plane is the hines direction vectors are (0, 1. 0) and (0. 0, 1).

veclor.
= (2.-3.1)

Fo=ry b o
F=(7.1.-2)+ (2, -3.1),1e R

v=7 420y =1-31z= -2 +1
X=X, V™ W Z 7 2o
a h h N <
x—7 y—=1 z+72
2 =31

5.a. P(0.1.-2)
7= (—1.3.3)
Ax+ Bv+ Cz:+D =0
(=D (x=0)+ B)y - 1)
+ (3)z+2)=0
~x+3y =343z +6=0
x—3y—32-3=0
b. A(3.0.1). B(0.1. - 1)
AB = (-3,1.-2)
7= (1.-1 -1)
X AB = (3,5 -2)
Ax + By + Cz + D =0
B)x+ (S)y+(-2)z+ D=0
(3)(3) + (5)Y0) + (=2)(1) + D=0
D= -7
3x 4+ Sy = 2z =T =10

Calculus and Vectors Solutions Manual

A=(-1.2.1)
=F 4+ fd + sb
(0,1,.0), b = (0.0,1)

ST

Ii

-~y
|

=—-lLy=2+tz=1+s
8. A=(4,-3,2)
F=1(2.3.2) +1(1,1.4).1eR

d=(1.1.4).b=[(4=2).(-3~3).(2~2)]

a=(1.1.4). b= (2,-6,0)
axb=(248-8)=(31-1)

Ax + By +Cz+ D=0
B+ My+(-Dz+D=0
34+ 1(=3) - 1)+ D=0

D=-7
3x+y=-2z-7=0
9. 1.7 = (44,5 + (5. -4.6).5eR
Ly7=1(4,45) +5(2,-3 —4),5eR
i=(5-4.6).b=(2,~3 —4)
axb=(34,32-7)
Ax+ By + Cz + D =10
Bdx + Ry +(=7)z+ D=0
34(4) + 32(4) — 7(5) + D =0
D= -229
34y + 32y ~ Tz — 229 =0

= (=1,2.1) 4 1(0,1,0) + s(0.0.1)r.se R



10. Answers may vary. For example: Since the line is
perpendicular to the plane. The normal of the plane is
the directional vector of the line.

A(2.3.-3)

3x =2y +z=10

7= (3.-2.1)
F=(2.3.-3)+s5(3,—2,1)seR
x=2+3s5,y=3—-25.2=—-3+35
x—2 y—=3 z+3

3 =2

"11. Answers may vary. For example: Use the dot

product and cross product to find two points that are
orthogonal to the normal of the plane. Then use any
point from the plane.
x+2y-z+6=0
a-(3,2,-1)=20
(a.b.c)y- (3,2,-1) =0

3a+2b-¢c=0
a=(1,0.3)
(3.2, - 1) x (1,0,3) = (6,10, —2)
= (3,~5,—1)
F={0,0,6) +s(1.0.3) + (3, -5 ~1).s5,1eR
x =5+ 3 y==5.2=6+35 — 1

12. Answers may vary. For example: The x-intercept
is {—3.5.0,0) and z-intercept is (0, 0, 7). Find the
directional vector from these points and use a point
one of the intercepts.

A= (~350.0).B=1(0,07)

Vo= [(0 - 3.5). (0 - 0). (7 - 0)]

V= (350,7) = (1,0,2)

=y, + ta, te R

(0,0.7) +1(1,0,2),1eR

. Ly=0,z=7+2

13. The two direction vectors for these lines are
a=(1,-3,-5)

b= (2,-6,-10) = 2d

So the lines L, and L, are parallel (they aren’t the
same line, as (3. —4, 1), apointon L, isnota
point on L,). Take one of the direction vectors for
the plane to be the vector @ = (1, —3, —5), and
find another by computing the vector with tail at
(3, —4,1) (a point on L,) and head at (7, —1,0)
(a point on L,). This is the vector

V=(7,-1,0) - (3, -4, 1)

= (4,3, —1)

-
!

-
7

Yy =

8-22

The point (3, —4., 1) is on the plane, so the vector
equation of the plane is
F=(3-4,1)+s(1,-3.-5) +1(4,3, - 1),

s. 1eR.

The parametric form for the plane is

x=3+5 + 41,
y=—4 — 35 + 3t
z=1—-5s—-1steR

Finally, to find the Cartesian equation of the plane,
compute the cross product of the direction vectors.
axve=(1-3-5)x(43.-1)

= (=3(=1) = (3)(=5),4(-5)

~ 1(=1).1(3) = 4(~3))

= (18, -19,15)
So the Cartesian equation is of the form
18x ~ 19y + 15z + D = 0.
To find the value of D, substitute in the point on the
plane (3, —4.1).
18(3) — 19(~4) + 15(1) + D=0

D = —145
So the Cartesian equation is
18— 19y + 152 — 145 =0
14. a. 2z
§ <
f\x\’ o
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v/:
X

d. z

<

sy

X

15. a. Answers may vary. For example:
P(1.-2,5)
0(3.1,2)
PO =p=(2.3.-3)
L7 =2+ (4t +3)j+ (1 + 1)k
=(0,3,1) +1(2,4, 1)
a= (2,4,1)
F=(3.1,2) +1(2.4,1) + 5(2.3,-3),1,seR
x=3+2+2s.y=1+4+3s,2=2+1-3s
axp=(2,3-3)%x(2,41)=(15-8,2)
Ax+ By + Cz + D =20
(15 + (=8)y+ (2)z+ D=0
153) -81) +2(2)+ D=0
D = —41
15x — 8y + 2z — 41 =0
b. Answers may vary. For example: The normal of
the plane is the direction vector of the line, since it

is perpendicular to the plane. Then find using the
Cartesian form of a plane.
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A(1,1.2) B= (2.1.-6), C = (—-2.1.5)

BC = (-4.0.11)

Ax+ Bx+ Cx+ D =0
(=Hx + Oy + (Iz+D =20

-4+ 112+ D=0

D = —18
—~4x + 11z = 18 =10
¢. Answers may vary. For example: Since the plane
is parallel to the z-axis, one of its direction vectors
is (0,0, 1).
A(4.1,-1).B(5.-2,4)
AB = (1.-3.5)
F=(4,1. 1)+ 1(1,-3.5) +5(0.01), r.5eR
x=4+1y=1-3,z7=—-1+5+5
(1,-3,5)-(0,0.1) = (3. -1.0) = (3.1.0)
Ax+ By + Cc+ D=9

B+ (y+ (0)z+ D=0

3 M+ 1Ly + D=0

D= -13

3x+y~-13=0
d. Answers may vary. For example:
A(1.3,-5), B(2,6,4). C(3,-3.3)

AB = (1,3.9)
BC = (1,-9,-1)
?: r()+ [(7 + SE

7= (1.3,-5) + 1(1.3.9) + s(1.-9.—1).1.seR
x=1+1+s5,y=3+3r—-95,2=-5+9% -5
AB x BC = (78,10, —12)

Ax+ By +Cz+ D=0
(78)x + (10)y + (=12)z + D =0
78(1) + 10(3) = 12(—-5)+ D =0
D = —168
78x + 10y — 12z — 168 =0
16. They are in the same plane because both planes
have the same normal vectors and Cartesian equations.
L:7=(1,2,3) +s(-3,521)+1(0,1,3).s5.1eR
Ly7=(1,-1,-6) + u(l,1,1) + v(2.5,11),
u,veR
(—-3,5,21) % (0,1,3) = (—6,9,-3) = (2,-3,1)
(1,1,1) X (2,5,11) = (6, -9,3) = (2. -3, 1)
Ax+ By + Cz+ D=0
2x=3y+z+D=0
2) - 3(2)+ (3)+ D=0

D=1
2(1) = 3(=1) + (=6) + D =0
D=1

=3y +z+1=0
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17. A point B on the line L, will have coordinates
B2+ 2,1 +1.2—1).teR Then

=(=3+21,~-3+05~1)

For this vector to be perpendicular to L., it would
have zero dot product with the direction vector for
L..v=1(2,1.-1).S0
0=7v-AB

= 2.1, -D)-(-3+2.-3+15~1)

= =0+ 4= 3+ -5+1

=~ 14 + 61

Sor = =1 and the point B is

7 7.7 20 10 1
Bla+2(z )1+ 2-2) =Bl = = - ).
I( 2(3)1 37 3) B<3'3' 3)

18. a. The plane is parallel to the z-axis through the

points (3. 0, 0) and (0, —2.0).

b. The plane is parallel to the v-axis through the

points (6, 0, 0) and (0,0, —2).

¢. The plane is parallel to the x-axis through the

points (0. 3, 0) and (0. 0. —6).

19. a. To determine which points lie on the line, just

see if there is a r-value such that the coordinate

works.

y=0y=3+nz=1+1

A(2.4.2)

2=24=3+02=1+1

=1

B(-2.2,1)

—2=202=3+1=1+1

There is no value of 1 that satisfies the equations.

(4.5.2)

4=25=3+12=1+1

There is no value of 1 that satisfies the equations.

D(6.6.2)

6=21,6=3+1,2=1+1

There i1s no value of 1 that satisfies the equations.

Only A lies on the line.

b.x=2ry=3+1z=1+1
a=2b=3+1-3=1+1

1= —4
a=2t= -8
b=34+1=-1
x — 1 y —~3
20.a. L;: =
b 5
x ~2 1 -y
L')Z =
-2 3
{1y~ ny|
cosf = —=
[n|im,]
o= (1,5), n,=(2,-3)
8-24

f = 45.0°

b. y=4x+2.yv=—-x+3
ny = (1.4)
= (1. -1)

[ny - n,l

cos f =
t{|n |

6 = 59.0°
c.Lypx=—1+3nyv=1+4drz= -2
(= ~1+ 2. y=35.2= -7 +s

(‘E\
I

mo= (34, =2).m = (2.3.1)

16
cos f =

(V29)(\14)
0 = 37.4°
d. Ly (x.y.z) = (4.7 = 1) + 1(4.8, —4)
Ly (x,y.2) = (1.5.=4) + 1(~1.2.3)

|, - ol
Cos ) = ~ts
LA
n = (4.8.-4).n, = (—-1.2,3)
, 0
COs ¢ = 7=y
(Vo6){v14)
6 = 90°

2la. Ly2x + 3y — 2 +9=0
Lyx+2y +4=10

o ny s
cos fl = ———
{ny||n,]
np=(2,3,-1),
n, = (1,2,0)
cos f = ,._,.__,(fm__
(V14)(\/5)
6 = 44.2°
b.Lix—y—z~1=90
Ly2x +3y—z+4=10
cos f = ml”; : (}2_|
[ny ||
n=.-1-1),nm=(2,3~-1)
0
CoS O =
(V3)(\/14)
6 = 90°

22. a. i. The given line is not parallel to the plane
because (3, 0, 2) is a point on the line and the plane.
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il. Substitute the expressions for the components of
the parametric equation of the line into the equation
of the plane.
A(=3)y + (=5+ 21y~ (—101) - 10=0
=12t =5+ 2r+ 10 - 10 =90
=15=10
This last statement is never true. So the line and the
plane have no points in common. Therefore, the line
is parallel to the plane.
iii. Use the symmetric equation to rewrite x and z in
terms of v.
x = —dy — 23
z=—y—0
Substitute into the equation of the plane.
-4y - 23)+y - (-y—-6)—-10=0
=16y =92+ v+ y+6-10=0
-4y - 96 = ()
This equation has a solution. Therefore, the line and
plane have a point in common and are not parallel.
b. i. Subsuitute the expressions for the components
~of the parametric equation of the line into the
~equation of the plane.
43+ + (-2 - 2+20)-10=0
1244 -2t ~2-21-10=0
0=20
This last statement is always true. So every point on
the line 1s also in the plane. Therefore, the line lies
in the plane.
it. The line is parallel 1o the plane, and so does not
he-in-it.
iii. (5, —7.1)1s a point that lies on the line that
does not lie in the plane. Therefore, the line does
not lie in the plane.
23. (0, y.2)=(4,1.6) + p(3,-2.1) + g(—6,6,—1)
(v.y.2)=(4,1.6) + 4(3.-2,1)
+2(—6,6,-1)
(x.y.2) = (4,5,8) # (4,5,0)
24. One direction vector for the plane is (3, =1, 1).
(2,4, 1) and (1. 4, 4) are on the plane, so another
direction vectoris (2.4, 1) — (1,4,4) = (1,0, —3).
So the parametric equations are x = 1 + 5 + 31,
v=4—1z7=4-35+15,teR
25. A plane has two parameters, because a plane
goes in two different directions unlike a line that
only goes in one direction.
26. This equation will always pass through the
origin, because you can always set s = Qand 7 = —1
to obtain (0, 0, 0).
(x,v.2) = (a,b,c) +s(d.e.f) + t(a. b, c)
s=0t= ~-]
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(v.y.z) = (a.b.¢c)y + 0(d,e. ) — 1(a. b.c)
(v.y,z2)=(a—a.b—=>b.c—c)=(0,0.0)
27. a. They do not form a plane, because these three
points are collinear.
F=(—-1.2,1)+1(3,1,-2)
b. They do not form a plane, because the point lies
on the line.
F=1(4,9 -3)+1(1,-4.2)
F= (4.9 -3) + 4(1.—4.2)

=(8,-7.5)
28. 1f a is the x-intercept, b is the v-intercept. and ¢
1 the z-intercept, this means that (a. 0. 0), (0. b. 0),
and (0. 0. ¢) are points on the plane. So
= (a.0,0) = (0.0,¢)

= (a,0, —¢)
V= (0.h,0) - (0,0,¢)
= (0, b, —¢)

are direction vectors for the plane. So a normal for
this plane is
UxXV= (a0 —¢c)xX(0,bh —c)
= {0(~¢) = b(~¢).0(—c) — a(—c).
a(hy = 0(0))
= (bc, ac. ab)
So the Cartesian equation of the plane is of the form
bex +acy +abz + D =0
Substitute the x-intercept, (a, 0, 0), into this
equation to determine the value of D.
be(a) + ac(0) + ab(0) + D =0
D = —abc
So the Cartesian equation of this plane is
bex + acy + abz — abe = 0 or
bex + acy + abz = abc
29. If the normal vector is (6, — 5, 12), then the
Cartesian equation of the plane will be of the form
6x — S5y + 12z + D =0
To determine the value of D, substitute the point
(5.8, ~3) (which is on the plane) into this equation.
6(5)~58)+12(-3)+ D=0
D = 46
So the Cartesian equation of the plane is
6x — S5y + 12z + 46 = (.
30.a..b. A(1. ~3.2), B(—2,4,-2). C(3,2.1)

AB = (=3.7.-4)
BC = (5.-2.3)
P=7,+1a+shtseR
A= (1,-3,2) +1(=3,7. -4) + 5(5.-2.3),
seR
x=1=31+55.v=-3+71—2s.
=241+ 3s
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c. To find the Cartesian equation of the plane,

a normal vector is needed. This can be found by
computing the cross product of the direction vectors
found in parts a. and b.

= (7(3) = (=2)(—4),5(~4)
= (=3)(3), (=3)(=2) = 5(7))
= (13, —11, =29)
So the Cartesian equation has the form
13¢ — 11y = 292 + D = 0.
Since (1, —3,2) is a point on this plane, we can
substitute it in to determine the value of D.
13(1) = 11(=3)-292) + D=0
D =12
So the Cartesian equation of this plane is
13 — 11y = 29z + 12 = 0.
d. Substituting (3, 5, —4) into the Cartesian equation
found 1n part ¢., we get
13(3) — 11(5) = 29(—4) + 12 =100 # 0
This means that (3,5, —4) is not on the plane.
31. a. The normal vector to the given plane is
{4. =2, 5), so any plane paralle}to this one must
have this same normal vector. So if a paraliel plane
contains the point (0, 0, 0), it will have the form
dx = 2y + 5z + D = 0.
Substitute in the point (0, 0, 0) to determine the
value of D.
4(0) - 2(0) +5(0) + D=0
D=0
So the Cartesian equation of this plane is
4y — 2y + S5z = 0.
b. Reasoning as in part a., if we want the point
(— 1.5, —1) to be in our parallel plane we find D in
the following way:
4-1)—-2(5)+5(-1)+D=0
D =19
So the Cartesian equation of the plane in this case 1s
4x — 2y + 5z + 19 = 0.
¢. Reasoning as in parts a. and b., if we want the
point (2, —2,2) to be in our parallel plane we find
D in the following way: '
42) - 2(-2)+512)+ D=0
D= -22
So the Cartesian equation of the plane in this case is
4y — 2y + 5z — 22 = 0.
32. a. The direction vector for L, is (2, 1) and for
Lyis (=2, 1) = —1(2,1). This means that L,
and L, are parallel, and since they have the point
(11.0) in common (take r = 3in L, and s = 61in L,),
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these lines are coincident. So the angle between
them is § = 0°.

b. The parametric equations of these lines are
Lix=-3+3,y=—-1+4,1eR
Lyx=6+3s,y=2-125,5¢R

So a point of intersection satisfies
~3+3t=6+3s

-1 +4r=2-12s
or
3tr—35=9
4t — 25 = 3
or
r=s5s+3
4t + 25 = 3
4(s +3)+2s=3
6s = —9
3
)
t=s5+3
R
2
3
2

So the point of intersection is

x= -3+ 3(\%)

_3
S 2
= -1 +4(2)
y = + 3
=5
The point of intersection is (z 5) ats = —3 (for L,)

and 1t = 2 (for L)).

The direction vector for L, is (3, 4), and for L, is
(3. —2). So the angle 6 between these lines satisfies
(3,4 -3,~2)

(3, (3, —2)]

(GG,
§ = cos (1(3,4)n(3,—2)|>

DY S )
cos (5\/—3—
= §6.82°
It would also have been correct to report the
supplement of this angle, or roughly 93.18°, as
the answer in this case.
33.a. P(1,3,5)

Fe=7,+d
F=(1,3,5) + (-2, —4,—10), reR

cosf =
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x=1=-2ty=3~4t. =5~ 10

x=1 y=3 z-5
-2 -4 10
3,5), 0(~7.9.3)

b. P(1,

7
F=(1,3.5)+1(-8,6,-2),reR
x=1-8ny=3+61.z2=5~-2

x~1 x—=3 x-=235

-8 6 =2

c. P(1,3,5)

RS = (-6, ~13.14)
F=7r,+1a
F=(1,3.5)+t(—6,—13.14),1eR
x=1—=-6Ly=3- 131,z =5+ 14t
-1 x—3 x-=3

(

~6 -13 14
d. Since its parallel to the x-axis, its direction vector
is (1,0, 0).

~P(1,3,5),
n=1(1,0,0)
F=7,+
F=(1,3,5) +1(1.0,0).7eR
x=1+ny=32=5
e. Find a perpendlcu ar vector use the dot product.

(—3,4,-6)-(a,b,¢c) =0
—3a+4b - 6c+ 0
a=0,b=6=4

n=(0,6,4)

7=(1,3,5) +1(0.6,4),1eR

f. Since the line is perpendicular to the plane, the
line’s directional vector is the normal of the plane.
Use the cross product to find the vector.

A(4,2.1), B(3, -4,2),C(~3,2,1)
AB = (—1,-6,1)
BC = (—6,6,-1)

AB x BC = (0, -7, —42) = (0,1.6) = #
= (1,3,5) +1(0,1,6)
x=1lLy=3+nz=5+6
34. a. This plane will be of the form
2x —4dy + 5z + D = 0.
To find D, substitute in P(—2,6,1).
2(-2) - 4(6)+5(1)+ D=0
D =723
So the Cartesian equation of the plane is
2x — 4y + 5z + 23 = 0.
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b. The direction vector for this line is
(3. —5.2) (we can use this as one of the direction
vectors for the plane), and a point on this line is
(4, —2.1). So a second direction vector for the
plane will be
V= 1(4,-2.1) - P(=2.0.6)

= (6.-2.-5)
So a normal vector for this plane 15

(3.=5.2) X (6. =2, =5) = ((=5)(=5)
- (~2)(2).6(2)
— 3(—5).3(~2)

~ 6(~5)

= (29.27.24)
The Cartesian equation of this plane has the form
29x + 27y + 24z + D = 0.
Substitute in P{—2.0.6) to determine D.
29(-2) + 27(0) + 24(6) + D =0

D = —36

The Cartesian equation of this plane is
29x + 27y 4+ 24z — 86 = ().
c. This plane. being parallel to the xy-plane. is
completely determined by a fixed z-coordinate (the

x- and y- coordinates are allowed to be anything at

all). Since 1t passes through the point P(3. 3. 3). the
equation of this plane is z = 3. Written in Cartesian
form, thisis z — 3 = 0.
d. Since this plane is to be parallel to
3x +y — 4z + 8 = 0, it will have the same
normal vector, (3.1, —4). So this plane will be of the
form-3x-+ y ~4z4+ D = 0.
Since P(—4,2,4) is on this plane, we can substitute
this in to determine the value of D.
H(-4)+2-44)y+ D=0

D =26
So the Cartesian equation of this plane is
3x+y— 4z + 26 =0
e. Since this plane is perpendicular to the yz-plane,
it is completely determined by its intersection with
the yz-plane, which will be a line with y-intercept
4 and z-intercept —2. This means that y and z are
related by y = mz + 4 because of the y-intercept
of 4. We can find the value of m by using the
z-intercept of —2.
0=m(—-2)+4
m =72
So y and z are related via y = 2z + 4, and the
Cartesian equation of the planeisy — 2z — 4 = (.
{x is allowed to be anything here.)
f. A normal vector, (A, B, C). for this plane will be
perpendicular to the normal vector for the plane
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x — 2y + z = 6. which is (1. —2.1). Also,
(A. B. C) will be perpendicular to the direction
vector for the line contained in the plane we seek.
This direction vector is (3, 1, 2), and so this means
we can take
(A.B.C) = (1.-2.1) X (3,1.2) = (—2)(2)

—(1)(1),3(1) = 1(2). 1(1) = 3(=2))

= (-51.7)
So the Cartesian equation will have the form
Sy +y+ T2+ D=0
Since is on this plane (take in the line this plane is
to contain), we can substitute this in to determine
the value of D.
~S5(H+ (-1 +T(-1)+ D=0
D = 18

So the Cartesian equation of this plane-is
=5y 4y + 7z + 18 = 0.

Chapter 8 Test, p. 484

1.2.i AB and AC can be the direction vectors for
this pmne and A(1. 2, 4) can be the origin point.

AB = (2.0.3) = (1,2.4)
= (1,-2.-1)
}i}f" = (4.4.4) ~ (1.2.4)
= {3,2,0)
This Oives a vecior Lquation of
f’w\ 4))!5(1 ’) l\’A‘\l)SAr‘R

The Lorrespondmg pdrdmetm equation for this
planeisx = 1 + s+ 31,y =2 — 25 + 21
z=4 -5, 5 teR
ii. The corresponding Cartesian equation is found by
taking the cross product of the two direction vectors.
AB X AC = (—=2)0 — (- 1)2. (- 1)3

= (10, (1)2 = (=2)3)

= (2,-3,8)

So (2, -3, 8) is a normal vector for the plane, so
the plane has the form 2x — 3y + 8z + D = 0, for
some constant D. To find D, we know that A(1, 2, 4)
is a point on the plane, so
2(1) = 3(2) +8(4) + D=0.S028 + D =0, 0r
D = —28. So the Cartesian equation for the plane is
2v — 3y + 8z — 28 = 0.
b. A point (x, v, z) is on the plane if and
only if 2x — 3y + 8z — 28 = 0. Since
2(1) = 3(—1) + 8(—3) — 28 = -27 # 0,
the point (1. -1, —%) is not on the plane.
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DTt
plane. 1t hold.s true for the given points. So
2 0 0 0 0
;+-}‘+~~]oru~—2Sxm1axl +[+ = |

O 4
and ty e 3an
So the cquanon of the plane is 5 + ; + 4 = |
b. If both sides are multiplied by the least common
multiple of the denominators, then an equivalent
equation for the plane is 6x + 4y + 3z = 12. Hence
(6. 4, 3) is a normal vector for this plane.
3. a. Since the origin is a point on the plane and
(2.1,3) + 0(1,2,5) = (2.1, 3) is a point on the
plane. (2, 1, 3) is a direction vector for the plane.
(2,1.3) + 1(1,2,5) = (3.3.8) is a point on the
plane and (2, 1, 3) is another point on the plane.
50 (3.3.8) — (2.1.3) = (1.2.5) is a directional
vector for the plane as well. (2. 1. 3) and (1. 2. 5)
are not collinear, because the ratios between the
coordinates are not equal. Since the origin is a point
on the plane, a vector equation for the plane is

=5(2,1.3) + 1(1.2.5). s.reR.
b. To find the Cartesian equation for the plane. the
normal vector is determined by the cross product of
the two direction vectors from part a.
(2,1.3) X (1,2,5) = ((1)5 = (3)2. (3)1
= (2)5.(2)2 - (1))
= {—1i.—7.3)

So the Cartesian equation 1’0r thc plane has the
form—x — 7y + 3z + D = 0. forsome constant .
Since the origin 1s a point on 1hc plane.
= (0) = 7(0) + 3(0) + D = 0.50 D = 0. Thus the
equation is —x — 7y + 3z = (.
4.a. (2,0, -3)and (5.1, — 1) are each direction
vectors for the planes. The vectors are not
collinear since the ratios of the coordinates are
not equal. (4, —3,5) is a point on the plane,
so a vector equation for the plane is
F=1(4,-3,5) +5(2,0,-3) + (51, -1),s,1¢R.
b. To find the Cartesian equation for the plane. the
normal vector is determined by the cross product of
the two direction vectors from part a.
(2,0,-3) X (5,1, 1)y=((N)(—1)

2. a. Since - 1 for all (x. v. z) on the

= 1 implies that b = 3and ¢ =

- (=3)1.(=3)5
= (2)(=1),(2)1 = (0)5)
= (3,-13.2)

So the Cartesian equation for the plane has the
form 3x — 13y + 2z + D = 0, for some constant D.
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Since the (4. ~3.5) is a point on the plane.

3(4) = 13(~3) + 2(5) + D = 0. %0

61 + D =0.S0 D = —6l]. Thus the equation is
v = 13y + 2z — 6] = 0.

5. a. The line intersects the yz-plane when v = ().

. v d -9
Hy=0.then=5 =z ="32 = ~Lsoy=(-1)

(—=2)+ 4=35and - =
(0.5.-1).

b. The direction vector (4. —2. 1) is the same. s0
the equivalent symmetric equation for the line is

—1. Thus the point is

ten

B
4 -2 » T

6. a. The angle between two planes is determined
by the dot product of their normal vectors. The
normal vector of the first plane is (1. 1. ~ 1) and

the normal vector of the second plane is (1. ~1.1).

(l.t.~-1)y- (L. —-1.1)y= —1and
L - D= \/3, So the angle between the planes
is cos (xix) = 109.57 The acute angle is 70.5°.

b. 1. The planes are parallel if and only if the
corresponding normal vectors are parallel. The normal
vector of the firstplane is (2. — 1. k) and the normal
vector of the second plane is (k. — 2. 8). The vectors
are parallel if and only if the ratios between the

coordinates are equal. Supposeé— = = = 2,50
then k = 4. Soithe vectors can be parallel only
when k = 4. Since § = 2 as well, the vectors are
parallel-at-k = 4.
ii. The planes are perpendicular when their normal
vectors are perpendicular. The vectors are
perpendicular when their dot product is equal to zero.
(2.-1. k) - (k. —2.8) =2k — 1(=2) + 8k

= 10k + 2
Soif k = —1, then the dot product of the two
normal vectors is equal to zero. Hence the planes

are perpendicular at k = -1,
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c. The first plane in b. intersects the v-axis at the point
(0, d. 0). where d satisfies 2(0) — d + k(0) = 5.

So d = —5.The second plane in b. intersects the
y-axis at the point (0. e, 0), where ¢ satisfies

k(O) — 2¢ + 8(0) = 9. So e = —4.5. Since the
planes intersect the y-axis only once and the points
are different. the equations can never represent the
same plane.

7. a. v

b. The equation for the plane can be writien as

2x + y + 0z = 0. So for any real number 1,

2(0) -+ (0) + 0(r) = 0, s0 the point {0, 0, 1) is on
the graph. So the z-axis is on the plane. Also the
plane cuts across the xy-plane along the line

2x + y = 0. So the origin is a point, as well as
(—2.1.0).

¢. The equation for the plane can be written as
Ax + By + 0z = (. For any real number 1,
A0) + BO) + 0(r) = 0,50 (0,0, 1) 1s on the
plane. Since this is true for ali real numbers. the
z-axis 1s on the plane.
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